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Abstract

This paper uncovers a novel mechanism through which market structure shapes future
productivity growth. Using a micro-founded exogenous growth model in which granular firms
experience random productivity shocks, I characterize sectoral and economy-wide productivity
growth conditional on the current market structure. I test the model’s predictions using firm-
level data from Sweden, complemented by industry data from the United States and other
European economies. In efficient industries, the model predicts that higher sales concentration
lowers expected productivity growth due to limited reallocation. In the data, a 10-percentage-
point increase in the Herfindahl index of sales concentration is associated with a 3-percentage-
point lower productivity growth rate over a five-year period. Moreover, in line with the model’s
predictions for distorted economies, a similar increase in the gap between the Herfindahl indices
of sales and cost shares is linked to a stronger decline of about 13 percentage points. The
model generates persistent cross-sectional growth heterogeneity consistent with the empirical
evidence, even though all firms follow identically distributed productivity processes. I conclude
that the interaction between micro-reallocation and market concentration, a mechanism I term
the granular drag, is important for understanding productivity growth across industries and
possibly entire economies.
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1 Introduction

Individual firm productivity growth is highly dispersed. Even within narrowly defined industries,
some firms experience rapid improvements while others fall behind. Market economies respond
to this dispersion by reallocating production away from less productive firms and toward newly
more productive ones. These improvements in allocative efficiency lead to aggregate productivity
growth, which can therefore exceed average firm productivity growth. Empirically, this mechanism
is quantitatively important: Baqaee and Farhi (2020) estimate that within-industry improvements in

allocative efficiency accounted for about half of U.S. productivity growth over the period 1997-2015.

Why can aggregate productivity grow faster than average firm productivity growth? A simple
way to see this is to consider an industry with only one firm: in that case, industry productivity
growth cannot exceed firm productivity growth, because no reallocation is possible. By contrast, in
industries with many firms, aggregate productivity rises not only through average firm productivity
growth but also through reallocation: as productivity differences emerge, production moves toward
improving firms and away from those that fall behind. This contrast motivates the central question
of the paper: Does market concentration shape expected productivity growth independently of

market power and innovation incentives?

This paper answers this question by developing a micro-founded exogenous growth model. It
builds on two premises: (i) there is a finite number of firms within a finite number of sectors, such
that firms are granular—large enough to influence aggregate outcomes—and (ii) individual firm
productivity follows a random growth process, identical across all firms. Using continuous-time
tools, I derive expected productivity growth at the sectoral and economy-wide levels, conditional
on current market structure. In the baseline model, the Herfindahl indices of concentration for
sales- and cost-based firm shares are sufficient statistics for the role of granularity in shaping
expected productivity growth. The key insight is that granular concentration lowers the expected
gains from reallocation. I refer to this mechanism as the granular drag on growth. In an efficient
economy, expected sectoral growth is the sum of average firm growth and a positive reallocation

term that scales with one minus the Herfindahl index of sales shares:

Expected Growth = Average Firm Growth + K x (1 — Herfindahl of Sales Shares)
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Expected Reallocation

where K is a positive constant that is increasing in the variance of firm-level shocks and the elasticity



of substitution across firms. Recall that the Herfindahl index is defined as the sum of squared
market shares, and ranges from 1/N in an industry with N equally sized firms to 1 in the extreme
case of a monopolist. Thus, as concentration increases, the Herfindahl index rises, reducing the
reallocation term and slowing expected productivity growth. When the allocation of resources is

distorted, the relevant statistic is the gap between the Herfindahl indices of sales and cost shares.

I empirically test the model’s predictions using administrative firm-level data from Sweden,
complemented by industry data from the United States and a broad set of European countries.
The theory implies two main testable predictions. First, in an efficiently allocated economy,
higher concentration should be followed by slower productivity growth. Across Swedish 5-digit
industries, a 10-percentage-point rise in the Herfindahl index of sales concentration is associated
with about a 3-percentage-point lower growth rate over a five-year period. Second, when the
resource allocation is distorted, differences between sales- and cost-based concentration should
further magnify this slowdown. A similar increase in the gap between the Herfindahl indices
of sales and costs predicts a 13-percentage-point lower growth rate. I further corroborate these
findings using industry-level data from the United States and a broad set of European countries.
Across datasets, industries that become more concentrated, or display greater differences between
sales- and cost-based concentration, experience significantly lower future productivity growth,

consistent with the granular drag mechanism predicted by the model.

The calibrated model generates a rich set of patterns across all levels of aggregation. Even
though all firms face identical random growth shocks, the model generates firm-level volatility
and skewness profiles for sales growth that decline with current firm size, consistent with the data.
At the sector level, an increase in concentration leads to a contemporaneous rise in productivity,
followed by a prolonged slowdown in growth. These effects propagate to the aggregate economy
and remain economically significant over extended time horizons, highlighting the importance of
micro-reallocation effects for understanding productivity growth at medium and even long-term
horizons.

An important takeaway from these results concerns how we interpret recent macroeconomic
trends through the lens of endogenous growth theory. A large body of this literature has linked
rising market concentration to subsequent lackluster productivity growth because dominant firms
face weaker incentives to innovate. The findings in this paper suggest that such interpretations
should be made with caution. These patterns do not rule out innovation-based explanations,

but show that concentration alone can reduce expected growth in an economy in which (i) the



allocation of resources is efficient and (ii) the productivity process of individual firms remains
unchanged. In such an economy, the slowdown in productivity growth following an increase in
concentration arises endogenously from the granular drag mechanism emphasized in this paper,

which operates through reallocation rather than through innovation incentives.

The granular drag is quantitatively relevant for two empirical reasons. First, firm-size distribu-
tions exhibit Pareto tails, with a few large firms accounting for a disproportionate share of sectoral
output (Axtell, 2001; Chen, 2023). Second, firm-level productivity growth is highly dispersed,
with large and persistent differences in performance across firms even within the same narrowly
defined industries (Bartelsman and Doms, 2000; Foster et al., 2001). Many models of firm dynamics
and growth acknowledge these two facts, but often rely on a continuum of infinitesimal firms for
tractability, thus abstracting from the finite nature of granular firms.! In such settings, reallocation

is maximized, as for every "unlucky" firm, there is a similarly sized "lucky" firm to reallocate to.

With a finite number of firms, however, granularity shapes how effectively production can be
reallocated in response to idiosyncratic shocks. In an efficient allocation, concentration hampers
reallocation. For instance, positive shocks to small firms might not offset negative shocks to large
firms, and vice versa. In expectation, concentration drags down future productivity growth. With
distortions, the effect depends on the joint distribution of sales and cost shares. If more productive
firms also have lower cost shares, then distortions amplify the concentration drag by misallocating
resources away from the most productive firms. Conversely, if more productive firms have higher
cost shares, distortions can mitigate the concentration drag by reallocating resources toward them.
These sectoral effects naturally propagate to the aggregate economy: as more sectors become

concentrated, expected aggregate growth slows.

Related Literature This paper contributes to three main strands of literature. First, it adds to the
literature on the propagation of microeconomic shocks to aggregate outcomes. Propagation of
shocks at the micro-level requires discreteness: in a continuum of infinitesimal agents, idiosyncratic
shocks average out and have no aggregate effect. In the presence of a large but discrete number of
agents, propagation further requires a heavy-tailed size distribution, such that a few large agents
carry sufficient weight to affect aggregates. Gabaix (2011) introduces this idea as the granular

hypothesis, showing that, given the empirically observed firm size distribution, idiosyncratic shocks

IThe term granular describes an irregular, discrete distribution, in contrast to the "smoothness" of a continuum of
infinitesimal agents. In the latter case, no single unit accounts for a sizable share of the aggregates. See, for example,
Luttmer (2007, 2011); Acemoglu and Cao (2015) for growth models with a continuum of firms.



to large firms can generate aggregate fluctuations of significant magnitude. Subsequent work
extends this idea to trade (di Giovanni et al., 2014, 2024; Gaubert and Itskhoki, 2021), propagation
through input-output linkages (Acemoglu et al., 2012; Carvalho and Gabaix, 2013; Grassi, 2018),
firm dynamics and aggregate volatility (Carvalho and Grassi, 2019), and markup fluctuations
(Burstein et al., 2025). My paper differs from these contributions by focusing on how granularity
shapes expected productivity growth rather than short-term fluctuations. As Carvalho and Grassi
(2019) show, for empirically realistic firm size distributions, the distribution of firm sizes is highly
persistent, such that the conditional expectations derived in this paper are quantitatively relevant
over medium and long-term horizons. The closest related paper is Gaubert and Itskhoki (2021),
which examines how firm granularity predicts reversals in comparative advantage and trade flows
but does not examine productivity growth. A closely related line of research studies more broadly
the aggregation and propagation of microeconomic shocks in general equilibrium. Building on
Hulten (1978), Baqaee and Farhi (2019) and Baqaee and Farhi (2020) develop frameworks to trace
how micro-level shocks both in efficient and distorted economies aggregate.? This paper is related
in that it also studies how idiosyncratic shocks aggregate to shape aggregate outcomes. However,
while these papers focus on how realized shocks propagate, I take the probability distribution of
shocks as given and study how market structure shapes expected productivity growth, conditional

on the current allocation of resources.

Second, recent macroeconomic trends have spurred research on market concentration and
productivity growth, to which this paper also contributes. Several studies report rising market
concentration and markups in the US and other developed countries (Autor et al., 2020; De Loecker
et al., 2020; Kwon et al., 2024; Ma et al., 2025). Furthermore, productivity growth has been
lackluster, with a burst in the late 1990s that coincided with an increase in concentration, followed
by a prolonged slowdown (Aghion et al., 2023). Building on the seminal work of Aghion and
Howitt (1992), several studies have linked this increase in concentration to a decline in productivity
growth, driven by reduced innovation incentives. For example, in Aghion et al. (2023) and
De Ridder (2024), an increase in concentration is contemporaneously associated with a burst
in productivity growth, followed by a persistent slowdown, as larger incumbents have weaker
incentives to innovate. Several papers in this literature also study the role of large granular firms
for innovation incentives and productivity growth (Aghion et al., 2001, 2005; Olmstead-Rumsey,

2019; Weiss, 2020; Akcigit and Ates, 2023; Cavenaile et al., 2025). In these papers, there is dispersion

2See Baqaee and Rubbo (2023) for a comprehensive review of this framework.



in firm productivity growth for three main reasons: (i) innovation intensity varies across firms
due to equilibrium forces, (ii) there is randomness in the arrival of innovations, and (iii) because
computational constraints induce coarse discretizations of the firm productivity distribution. This
paper shows that this dispersion can interact with market structure and lead to dispersion in
aggregate productivity growth, beyond innovation incentives. My approach is related to the
Real Business Cycle literature (Kydland and Prescott, 1982; Prescott, 1986), which emphasizes
that business cycles can be efficient and arise endogenously from economic agents’ responses to
technology shocks. Here, I emphasize how concentration can endogenously reduce expected
productivity growth through efficient resource reallocation, even when the productivity process of

individual firms is identically distributed and unaffected by market structure.

Finally, the paper also contributes to empirical and theoretical work on how firm growth varies
with size. A natural benchmark is Gibrat’s law, which states that firm growth is independent
of size. This assumption has played a central role in the firm-dynamics literature because it
helps explain both the stability of the firm size distribution and the emergence of a Pareto upper
tail. Empirically, Gibrat’s law is approximately valid for average growth rates (Haltiwanger et
al., 2013), but it fails for higher moments. It is well documented that firm-growth volatility
decreases slowly with size (Stanley et al., 1996; Sutton, 1997; Yeh, 2025). I further document that
firm-growth skewness decreases with size. On the theoretical side, matching these patterns has
proven challenging, see Moran et al. (2024) for a recent technical discussion. Standard models,
such as Klette and Kortum (2004), imply that volatility should shrink rapidly with size. I show
that granularity naturally generates size-dependent volatility and skewness profiles consistent
with the data. Herskovic et al. (2020) are closest to my approach, showing how network linkages
across firms shape the propagation of shocks and the distribution of firm-level volatility. Finally,
Boehm et al. (2024) highlights how long-term contracting frictions in buyer—supplier networks can

give rise to persistent deviations from Gibrat’s law.

Outline The remainder of the paper is organized as follows. Section 2 presents the static
equilibrium, which holds at any point in time. In Section 3, I introduce the stochastic productivity
process for firms and derive the dynamics at the sectoral and aggregate levels. Section 4 presents
the data, tests the model’s predictions, and estimates the model using the simulated method of

moments. Section 5 illustrates the quantified version of the model. Finally, Section 6 concludes.



2 Model

This section presents how production in the economy is organized at any point in time. The
representative household derives utility from consuming a discrete set of differentiated goods,
each produced by a single firm. Since the equilibrium holds at a point in time, I refer to this setting
as the static equilibrium. The next section introduces dynamics by allowing firm productivities to

evolve stochastically over time.

2.1 Preferences and Technology

There are a finite number of sectors N € N, each populated by a finite number of differentiated
goods N; € N ;. A representative household supplies L units of labor inelastically, and derives
utility from consuming the discrete set of goods {{Yij}ﬁl }jlil, where Yj; is the consumption of
variety 7 in sector j. In particular, the representative household has Cobb-Douglas preferences over

sectoral output Y;:
N
Y = q Y @
j=

where w; for j = 1,..., N are non-negative preference weights satisfying Z]Nﬂ w;j = 1. This
formulation defines a sector as a market with a fixed expenditure share w; in the aggregate

consumption basket.

Within each sector, preferences favor greater substitution than across sectors. Sectoral output
Y; is the result of combining the N; differentiated goods in sector j with a constant elasticity of

substitution (CES) aggregator:

N —1
Y= [ D1y )

where ¢ > 1 is the elasticity of substitution between goods in the same sector. Higher substitutability
within than across sectors reflects a greater degree of similarity and thus competition, among
goods within a sector. For simplicity, I use Cobb—Douglas preferences, but the analysis extends to
more general CES preferences across sectors, provided that the elasticity of substitution across

sectors is lower than within sectors.



A single firm produces variety i in sector j with a constant-returns-to-scale technology specific

to that good:
Yij = AjiLij. 3)

Here, Aj;; is firm-specific productivity and labor L;; is the only input. In reality, firms may operate
in several sectors or produce multiple varieties within a sector. My setting is analogous to assuming
that multi-product firms within the same sector have identical productivities across their products.

Multi-sector firms can be seen as a sum of independent single-sector subsidiaries.

The preference formulation over a discrete set {{Y}; f\ijl}]]\il contrasts with the common as-
sumption of a continuum of infinitesimal sectors, each populated by a continuum of infinitesimal
firms. With finitely many sectors and firms, shocks to individual firms generate sectoral and
aggregate fluctuations. The quantitative relevance of these fluctuations depends on the joint size
distribution of firms and sectors, the number of firms and sectors, the elasticity of substitution,
and the distribution of firm shocks. For empirically plausible distributions and parameters, these

fluctuations can be quantitatively relevant (Gabaix, 2011).

Given this preference structure, the representative household maximizes utility by choosing
demand for each variety subject to the sum of expenditure on each variety (P;;Y;;) not exceeding
the sum of labor income (WL), profits (IT), and government transfers (T). Solving the household’s
problem gives the demand system for each variety i in sector j:

Y, — <Pff>_$wpy @

: ip.
y y

1
1—¢

where P; = (Zl]\il Pii._‘g)

index.

is the price index for sector j, and P = [ | -1 P;Uf is the aggregate price

2.2 Sector Market Structure

Given the demand curves (4) and the production technology (3), firms choose prices P;; and
quantities Y;; to maximize profits:
max {(1 — le)Pl]Yl] — WLZ]} .

Pij, Yij



Here, 7;; € (—1,1) is a firm-specific tax/subsidy rate on sales that distorts firm incentives. The

government runs a balanced budget, and rebates total tax revenue from firms lump-sum to
N N . . o Pj .

households: T = i1 >.i21 TijP;jYij. The optimal firm price is such that the markup p;; := m is

given by the Lerner condition:

Cij 1
= 5
where (;; := —dInY;;j/dIn P;; is the perceived price elasticity of demand faced by firm i in sector j.

In the main body of the paper, I focus on monopolistic competition, where each firm takes the
sectoral price index P; as given. In this case, the price elasticity of demand is constant and equal
to the elasticity of substitution: {;; = e. All heterogeneity in markups is driven by government
distortions Tj;.

Given firm granularity, it is natural to consider that firms internalize their impact on sector
aggregates.® I consider oligopolistic market structures with endogenous markups a la Atkeson and
Burstein (2008) both under Bertrand and Cournot competition. Under oligopolistic competition, the
perceived price elasticity of demand depends on the market share of the firm. See Appendix A.9

for details.

2.3 Equilibrium Definition and Efficient Allocation

I normalize the labor wage to W = 1. The equilibrium is defined as follows. Given a choice of
market structure for the perceived elasticity of demand {;;, and a sequence of firm productivity
vectors {{Aij}f\[:fl}jlil, a static equilibrium is (i) vectors of prices and quantities {{F;;, Yi, Lij}fil }jI\il,
(ii) vectors of sectoral prices and quantities {P}, Y}, L]-}]-Z\L 1» and (iii) aggregate prices and quantities
{P,Y, L} such that: firms set prices and quantities to maximize profits given the demand curves (4)
and (;j; household demand (4) holds; and the labor market and the government budget clear.
When markups are constant across firms and sectors (y;; = p), the decentralized equilibrium
allocation is efficient; it coincides with the choice of a benevolent social planner who maximizes

aggregate output subject to the technological and resource constraints.

31 abstract from the possibility of firms internalizing their impact on the aggregate price index P. See Appendix A.8
in Burstein et al. (2025) for a case in which this assumption is relaxed.



2.4 Firm-Level Outcomes

I denote the sales share of firm i in sector j as s;;, and its cost share as §l] This notation follows
Baqgaee and Farhi (2020), who show that, in the presence of distortions, cost-based shares play a
central role in determining how shocks propagate through the economy. Given vectors of firm
productivities and markups, we can express sales and cost shares as composites of markup-adjusted

productivities in the sector:

1
P;Yj; (Aij/ i) < WLy s/

Sl']‘ = N = N 1’ and Sij = - = N .
PYi 3 (A )| WL S s/ g

(6)

Note that, under homogeneous markups, sales and cost shares coincide. A gap between both
reflects markup dispersion, and thus misallocation of resources within the sector. Holding markups

and aggregate expenditure constant, the productivity elasticity of sales and cost shares are given

by:

dlns; (e-=1)(1—s;) ifk=i d1n;; =(e-1)(1-5;) ifk=1i

oln Ay and oln Ay @)

—(e—1)sy if k1, = —(e—1)5y if k # 1.

When the number of firms in the sector is large and each firm is small (s;; — 0), the elasticity
is constant and equal to € — 1, as in the standard framework with a continuum of firms (Lucas,
1978). However, when firms are granular, the elasticity decreases with firm size, as larger firms
eventually saturate their markets of operation. Another difference with the standard framework
with infinitesimal firms is that shocks to one firm affect the sales and cost shares of all other firms

in the sector.

2.5 Aggregation

Sector- and aggregate-level productivity are defined as labor productivity at the respective levels of
aggregation: A; :=Y;/ 25\21 Lijjand A :=Y/L. Sectoral and aggregate markups are defined as the
ratio of price to marginal cost at the respective levels of aggregation: y; := PjA; and p := P A, and

can be expressed as cost-share-weighted averages of firm- and sector-level markups, respectively:

N; N
wi= Y %mij, and p= > @ (8)

i=1 j=1



wj /¥
St wr/
write sector- and aggregate-level productivity as functions of productivities and markups at lower

where @; := is the aggregate cost share of sector j.* Using these expressions, we can

levels of aggregation:

1
N e—1

I\ E N w;
A= X (i/) agt), and A=]] (514]-) . ©)
i=1 N j=1 "

The presence of markup dispersion within and across sectors leads to an inefficient allocation of
resources and, ultimately, lower sectoral and aggregate productivity. From equation (6), if a firm
(sector) charges a higher markup than the sector (aggregate) markup, i.e., p;; > p; (¢j > p), its
sales share s;; (w;) exceeds its cost share ;; (;). From an efficiency perspective, that firm (sector)
is smaller than socially optimal, and it would be beneficial to reallocate labor toward it. By the
same logic, if instead p;; < p; (4; < p), the firm (sector) is larger than socially optimal, such that

reallocating labor away from it would be beneficial.
Since there is a finite number of firms and sectors, firms are granular at both levels of aggrega-
tion. Section 3 introduces firm productivity dynamics and characterizes how granularity affects

sectoral and aggregate productivity growth in both efficient and misallocated economies.

3 Productivity Dynamics

Having characterized the static allocation, this section shows how idiosyncratic firm-level shocks
propagate to sectoral and aggregate productivity, and how the concentration of within-sector sales

and costs affects expected growth.

3.1 Firm-Level Productivity Dynamics

Following the tradition in the firm dynamics literature, I assume that firm-level productivity
follows a proportional random growth process, often referred to as Gibrat’s law. Specifically, firm
productivity features: (i) a trend component ¢ which is common across all firms, (ii) frequent,
thin-tailed continuous shocks, captured by an i.i.d. Brownian motion W;jj; with diffusion coefficient

0, and (iii) an ii.d. jump component driven by a Poisson process Q;;; with intensity A and i.i.d.

4Markups can also be expressed as harmonic means of sales-share-weighted markups, or as the inverse sector and
aggregate labor shares respectively.

10



jump size J;j; ~ Fj, capturing rare and potentially asymmetric large shocks.” Formally, firm

productivity evolves according to the following stochastic differential equation:

Aijjt
Ajjt

= gdt + ocdWij; + (e/it — 1)dQjjr. (10)

It is useful to distinguish between sectoral productivity growth and average firm productivity
growth. Since the shocks are i.i.d. across firms, average firm productivity growth is the expected

growth rate of an individual firm:

2

1 o
E; thdln Aijt} =85 AE[]], (11)

that is, expected average firm productivity is the common drift minus the concavity correction
02 /2 due to Jensen’s inequality, plus the expected jump contribution AE[]].°

In contrast to the case with infinitesimal firms, random growth in firm productivity does not
imply that firm sales satisfy Gibrat’s law, since changes in firm sales depend on the market share
of the firm. One contribution of this paper is to show how granularity generates size-dependent

firm dynamics in line with the data even with random growth in individual productivity.

Entry and Exit Incumbent firms exit randomly at a Poisson rate § > 0, while new firms enter at
rate v > 0. Entrants draw their initial productivity from a time-shifting distribution F,; that moves
rightward at the trend growth rate 7, so that F,;(A) = F,(Ae™""). The parameter 7 captures the
economy’s underlying trend in technological progress. A higher 7 means new entrants start with
increasingly higher productivities, reflecting overall technological improvement. For economically
plausible values of 7, there will be a stationary firm productivity distribution across sectors with
a Pareto tail (]P(Aij < a) ~ a i for ay; > 0), which is uniquely determined by the model

parameters. See Gabaix (2009); Beare and Toda (2022) and Appendix A.4 for details.

Continuous Time Working in continuous time makes the analysis tractable. Over a discrete time

period, many firms can experience shocks at once, so tracking how simultaneous shocks reallocate

SProportional random growth is the canonical baseline because: (i) firm growth rates are roughly size-independent
for medium and large firms, e.g., Haltiwanger et al. (2013), and (ii) with a stabilizing force like entry and exit (Gabaix,
2009), it yields a stationary Pareto-tailed size distribution consistent with the data. Heuristically, over a short interval
At, AW;; ~ N(0,At), so that E[AW;;] = 0 and Var(AW;;;) = At; independently, the jump indicator AQ;j; = 1 with
probability A At and 0 otherwise, Pr(AQ;;r = 1) = A At + o(At).

®Throughout the paper, I use [E;[d In X;/dt] as shorthand for lima;_,q At~1E[In X4 or — In X{].

11



demand across a finite set of producers becomes intractable. In continuous time, Brownian motions
have continuous paths and, over an infinitesimal interval dt, at most one Poisson jump can occur.
These properties make it possible to study sectoral and aggregate expected productivity growth

analytically, which is the focus of the remainder of this section.

3.2 The Granular Drag in Efficient Economies

This subsection analyzes how firm-level productivity dynamics interact with granularity to shape
expected sectoral productivity growth in efficient economies. For expositional simplicity, I begin
with the case without jumps (A = 0) or entry and exit (6 = v = 0), such that (10) reduces to
dAjjt/ Aijy = gdt + cdWij;. The contributions of jumps, entry, and exit appear additively in expected
sectoral productivity growth, such that the intuition built in this baseline case extends naturally to
the more general setting. The following proposition characterizes expected sectoral productivity

growth in this baseline setting.

Proposition 1. Let H;; := islzjt denote the sectoral sales Herfindahl-Hirschman index, where s;j; are
the firms’ sales shares. Consider an efficient allocation in which firm productivities evolve according to
dAijt/ Aijr = g dt + o dWijt, where {Wj;;} are i.i.d. standard Brownian motions. Then, the expected sectoral

productivity growth rate v := Ey[$; dIn Ay] is

2 2

(o

o
Vit = g_? + (8—1)7(1—7‘[]1), (12)
—— -
Average-firm Reallocation

where g — %2 is the expected average-firm productivity growth, and (& — 1)‘772(1 —Hjt) is a positive

reallocation residual.

In an efficient economy with idiosyncratic diffusion shocks, the Herfindahl-Hirschman index
(HHI) measure of sales concentration H; := l-sf].t is a sufficient statistic for the role of granularity
in shaping expected sectoral productivity growth. The HHI lies in [1/Nj, 1]: it equals 1/N; when
all firms have equal sales shares and 1 when a single firm accounts for the entire sector. Thus,
more concentrated sectors (higher H ;) exhibit relatively lower expected productivity growth due
to reduced reallocation gains. I refer to the proof in Appendix A.3 and focus here on building
the intuition behind the result using two polar cases. First, consider the case of a monopolist that

dominates the whole sector, such that s1j; = 1 and H;; = 1. The expected growth rate reduces to

12



the expected growth of the single firm:

1 . o’
v = lim gy = §—% - (13)
51]‘[—>1

Average-firm

I refer to this term as the average-firm contribution to growth, N E[dIn Aijt/ dt]. Second,
consider the polar opposite case of a sector with a continuum of infinitesimal firms. I refer to this
setting as the fully diversified case since the law of large numbers holds and the growth rate is now
deterministic. Since no single firm has a sizable market share, #;; = 0, and the growth rate can be

written as the average-firm term plus a positive residual that captures reallocation gains:

© o dimog= s- % DT (14)
Vom0 2

Average-firm  Reallocation

Where does the reallocation term in (14) come from? Heuristically, with only diffusion shocks,
over a short interval At, half of the firms experience a positive productivity shock of magnitude
v/ At, while the other half experience a negative shock of the same magnitude, —c+/At. Because
goods are gross substitutes (¢ > 1), workers are reallocated toward the newly more productive

firms and away from the less productive ones:

1
E¢[AlIn Aj] = _{n LA +oVa)y T + 11 —oVA)= | = —ZAt +(e—1)G At +o(AP)
Average-firm Reallocation

Note that the underlying productivity distribution for the continuum of firms does not play a role
in the reallocation gains: for every "unlucky" firm that experiences a negative shock, there is a
similarly sized "lucky" firm that experiences a positive shock to which resources are reallocated.
Expected reallocation increases with the elasticity of substitution ¢, as the response of labor is
stronger, and the volatility of idiosyncratic shocks o, as bigger responses are profitable. Due to
Jensen’s inequality, higher dispersion in firm-level shocks also lowers average firm productivity
growth by 02 /2. However, when workers are reallocated in a more than one-to-one fashion (g > 2),
the reallocation gains dominate the volatility drag, leading to higher expected sectoral productivity

growth. This logic extends to more general idiosyncratic shocks, as I show in the case with jumps.

Beyond the two benchmarks, a sector with finitely many firms inherits only part of the
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reallocation gains from the continuum case: reallocation gains scale with one minus the sales HHI:

Reallocation;s = (& — 1)(722 (1—Hj)
Intuitively, in a sector with infinitely many firms, for every firm that experiences a negative
shock, there is always a similarly sized firm that experiences a positive shock. However, with
finitely many firms, a negative shock to a large firm might not be offset by positive shocks to
other firms, and vice versa. Because goods are gross substitutes (¢ > 1), granularity reduces
expected reallocation gains, leading to lower expected productivity growth. In the extreme case of
a monopolist, there are no reallocation gains at all. I refer to this phenomenon as the granular drag

on expected productivity growth.

Jumps I extend the previous analysis to include jumps (A > 0) in firm productivity. To keep the
algebra light, I assume that there are no common trend or diffusion components (¢ = 0, o = 0), so
that firm productivity evolves purely through jumps: dA;;;/ Ajjy = (e]iif —1)d Qijt.7 The expected

growth rate of sectoral productivity is now:

Proposition 2 (Jumps). Consider an efficient allocation in which firms’ productivities evolve according
to dAjji/ Aijp = (elit — 1) dQjjr with Qijy a Poisson process of intensity A and Jijy ~ Fy such that
E[e®=V)] < co. Then the expected sectoral productivity growth rate 7 := By [ £:dIn Ay] is

N;

A _
T =3 ZIE[ln(l sy (e — 1))] . (15)
i=1
See Appendix A.3 for the proof. While more complex than in the diffusion case, the role of
granularity is explicit: jumps aggregate through sales shares s;;;. Consider again the two polar

cases. With jumps only, the monopolist case (s1j; = 1) and the fully diversified case (N; — o0) yield

"The general case with both diffusion and jumps is just the sum of the two components, as they are independent.
See Appendix A.3 for the general case.
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respectively the following expected growth rates:

Average-firm

Y2 = AE[]] +AE[6(€_1)]1]1(81)EU].
N € —

Average-firm Y
& Reallocation

The expected growth rate in the fully-diversified case can again be decomposed into an average-
firm term plus a reallocation term. As Proposition 6 shows, the reallocation term is always positive
for any well-behaved jump distribution. The intuition for the reallocation term is similar to the
diffusion case. Over a short interval At, a fraction AAt of firms experience a jump. For any jump
distribution, there are winners and losers. For example, if the jump distribution is a positive
constant, like in quality ladder models (Grossman and Helpman, 1991; Aghion and Howitt, 1992),
winners are firms that jump, while losers are firms that do not. Because goods are gross substitutes
(e > 1), workers are reallocated toward the more productive firms that jumped, and away from
the ones that did not. Since there are infinitely many firms, for every fraction AAt of firms that
jump, there is a fraction 1 — AAt of similarly sized firms that do not jump, so the cross-sectional

distribution of incumbent productivities does not affect expected reallocation gains.

With finitely many firms, granularity again reduces reallocation gains. While the expression is

more complex, an approximation for small jumps | ~ 0 makes the role of granularity explicit:

Reallocationj; = ﬁ %IE{ [ln (1 + Sijt (3(8*1)] — 1))} — AE[]]
i=1

2
~ Ae - 1>]E[2” (1—Hjt)

+A <(e — 1)21E:[))]!3] (1-3H;+ 2%3,#))

S E[JY] ‘ , ‘
+ A (8 — 1) 41 (1 — 7H]t + 127‘[3# — 67‘[41]15)

+O(E[]°]),

Up to second order, the reallocation term mirrors the diffusion case, with reallocation gains

scaling with one minus the sales HHI. Higher-order terms depend on higher-order generalized
N; . .

HHIs M, := >4 s?jt. For example, the third-order term depends on the skewness of the jump

distribution E[J®] and captures asymmetries in firm productivity growth. If the jump distribution
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is left-skewed (E[J?] < 0), concentration reduces reallocation gains further; as concentration rises,
the sector productivity inherits the negative skewness of the large firms, which cannot be offset by
the smaller firms. Conversely, if the jump distribution is right-skewed (E[J®] > 0), concentration
mitigates reallocation gains less; as concentration rises, the sector productivity inherits the positive
skewness of the large firms, which dominate sector performance. However, the granular drag for
the third-order term is always bounded between 0 and 1, since 0 < 3H; —2H3 ;; < 1. Without
jumps, it is obvious that expected sectoral productivity growth is bounded below by the monopolist
(Hj: = 1) case and above by the fully diversified (#;; = 0) case. Proposition 6 in Appendix A.3
shows that this result continues to hold with jumps, implying that the reallocation term is always

non-negative for any well-behaved jump distribution.

Entry and Exit Entry and exit also contribute to expected sectoral productivity growth additively.
To isolate their role, I assume that incumbent firms’ productivity is constant over time (g = 0,
o =0, A =0), so that dA;j;/ A;jy = 0, but firms exit at rate 6 and new firms enter at rate v, drawing
their initial productivity from a time-shifting distribution F.; that grows at rate #. The following

proposition shows how entry and exit contribute to expected sectoral productivity growth.

Proposition 3 (Entry and Exit). Consider an efficient economy where incumbent firms have constant
productivity, but exit at rate § and new firms enter at rate v, drawing their initial productivity from a

distribution F,;. Then, the expected sectoral productivity growth rate 7y := B[ 3:d In Aj] is given by:

A ¢ e—1
In{1+ <e)
( Aje

Entry Exit

Nj
+ ; Z h‘l(l — Sijt),

v
Jp— E
7]t e—1 t '
i=1

where Ayt ~ F, is the productivity of entrants.

The expected contribution of entry is larger when entrants are more productive relative to
incumbents. Exit contributes negatively to expected sectoral productivity growth, with larger
contributions when large firms exit. Applying a second-order approximation for small sales shares

sijt ~ 0 makes the role of granularity explicit:

. 0 1
EXIt]‘t r —; (1 + ZH]t> .

Intuitively, exogenous exit is similar to an extremely left-skewed jump distribution. The higher the
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elasticity of substitution ¢, the smaller the negative impact of exit on expected sectoral productivity
growth, as workers are reallocated toward surviving firms. However, concentration amplifies the
negative impact of exit, as losing a large firm has a bigger effect on sector productivity than losing
a small firm. Exogenous exit might appear extreme, but as I show in Appendix D.2, in the data,

large establishments do exit, and when they do, sectoral output contracts significantly.

Percentage Growth The focus so far has been on expected log growth rates [E;[dIn Aj; /dt]. Do
these results carry over to expected percentage growth rates ]Et[%dAjt/ Aj]? The answer is yes,
subject to the elasticity of substitution being large enough. The following corollary shows that
when € > 2, the expected percentage growth rate can also be decomposed into an average-firm

term plus a reallocation term that scales with one minus the sales HHI.

Corollary 1 (Percentage Growth). In an efficient economy with firm productivity dynamics given by

dAijt/ Ajjp = gdt + cdWij;, expected sectoral percentage productivity growth is given by:

1 dA‘t} o?
E|——L| = +(e—2)= (1—Hy). 16
|a% 8 rET o) (16)
Avg. Firm Reallocation

2

where g is the average firm percentage growth rate B[ LdA;;/Ayy), and (e —2)% (1 — Hjt) is the

. , . N ,
reallocation residual, with M = 3,7, sfjt the sales HHI of sector j.

The reallocation term is non-negative if and only if ¢ > 2. Because firms are granular, sectoral
productivity is volatile. Taking the logarithm of a volatile variable induces a negative concavity
correction due to Jensen’s inequality. In this case, the correction term is —%Z’Hﬁ. Combining this
correction with the reallocation term from Proposition 1 gives the result. Reassuringly, both log
and percentage growth coincide as the number of firms grows large and the law of large numbers
holds such that productivity growth becomes deterministic. This result extends to the general case

with jumps as well; see Appendix A.3 for details.

Aggregate Productivity Growth The previous analysis extends naturally to the aggregate econ-
omy with N sectors. Under efficient allocation across sectors, aggregate productivity is given by
the Cobb-Douglas index A; = H]Ii 1 A;;j , where wj is sector j’s expenditure share which is fixed

over time. The following corollary to Proposition 1 characterizes aggregate productivity growth.
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Corollary 2 (Aggregate Productivity Growth). In an efficient economy with sectoral sales shares w; and
firm productivity dynamics given by dA;j;/ Ajjy = gdt + odWij;, expected aggregate productivity growth
v = E¢[LdIn Ay] is given by:

2 2 N

o o
T=8— 5 +E-1)=5 1- ) wity (17)
j=1

where Z]-I\il wjH is the sales-weighted aggregate HHI.

The proof follows directly from Proposition 1 and the Cobb-Douglas aggregation across sectors.
The relevant measure of granularity at the aggregate level is the sales-weighted average of sectoral
HHIs. There is an aggregate granular drag on productivity growth when (i) a few concentrated
sectors dominate the economy (high w; for sectors with high #;;) or (ii) many sectors contribute
significantly to the economy, but each sector is itself concentrated (high H;; for many j). Even if
the number of sectors is large, the sales-weighted average HHI does not converge to zero unless
the number of firms per sector also grows to infinity. If, for example, there is a secular trend of

increasing sectoral concentration, aggregate productivity growth is dragged down as well.

3.3 The Granular Drag in Economies with Distortions

The preceding analysis assumes that the allocation of labor resources is efficient. However, there
is ample evidence of misallocation of resources across firms, e.g., Hsieh and Klenow (2009).
To understand the role of misallocation for sectoral productivity growth, I first allow for firm-
specific markup heterogeneity that is fixed over time. For example, such heterogeneity could
arise from government distortions 7;;. For expositional clarity, I focus on the case without jumps
dAjjt/ Aijy = gdt + 0dWij;, and leave the general case with jumps to Appendix A.

With markup heterogeneity, sales and cost shares differ. If a firm has a higher than average
markup, it has a higher sales share relative to its cost share (i.e., s;j; > §ijt). This firm employs
fewer workers than in the efficient allocation. Reallocating labor toward this firm increases sectoral
productivity. The converse is true for firms with lower than average markups. Thus, misallocation
reduces the level of sectoral productivity relative to the efficient allocation. The next proposition

shows how misallocation also affects growth when firms are granular.

Proposition 4 (Sectoral Productivity Growth under Misallocation). Let H; := ZlN:fl slzjt and 7—~[jt =

N~ , ) . ~
D 1(51'#)2 denote the sectoral sales- and cost-based Herfindahl-Hirschman indices, where s;j; and sjj;
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are, respectively, the firms’ sales and cost shares. Consider a sector where firm productivity follows
dAiji/ Ajjp = gdt + o dWijy and firms have fixed markups p;;. Then the expected sectoral productivity
growth rate vvj; = Ei[dIn Aj;/dt] is given by:

2 2

o o ~
Vit = g—7 + (8—1)7[1—7{#—(8—1)(7‘[]‘;3—7'[#)} . (18)
— -~ )
Average-firm Reallocation

When H;p = 7-7# (homogeneous markups), this reduces to the efficient-economy case in Proposition 1.

The proof is in Appendix A.5. In the efficient allocation, sales and cost shares coincide, and the
sales HHI H; is, up to second order, a sufficient statistic for how granularity affects growth. Under
misallocation, however, the difference between sales- and cost-based shares matters as well. If we
compare equation (18) to the efficient case in equation (12), for a fixed sales concentration Hj,
misallocation increases or decreases the expected growth rate by (¢ — 1)2‘772(?-[# - 7-[]-t). Intuitively,
if more productive firms have high markups (relative to small firms), sales concentration Hj; is
high relative to cost concentration 7—~[]'t. In this case, the granular drag on growth is amplified;
as resources are misallocated away from the most productive firms, it is beneficial to reallocate
workers toward these firms. However, these firms are the largest ones, and granularity limits
the potential reallocation gains, further dragging down growth. If the opposite is true, and more
productive firms have low markups, sales concentration is low relative to cost concentration,
making reallocation gains easier to achieve despite granularity, mitigating the drag on growth.
Empirically, the former case is more common, as large firms tend to have lower labor shares (Autor

et al., 2020).

Note that the impact of misallocation on growth vanishes in the two polar cases of monopoly
and full diversification. In the monopolist case (H;;, 7-[]-t — 1), there is a single firm, so there is no
misallocation within the sector. In the fully diversified case (H jts ﬁjt — 0), granularity vanishes,
and so does the impact of misallocation on growth. This result follows the same logic as in the
efficient economy: with infinitely many firms, for every firm that experiences a negative shock,
there is always a similarly sized and with a similar markup firm that experiences a positive shock,
so the distribution of firm productivity and markups does not matter for reallocation gains. Hence,
misallocation interacts dynamically with granularity in a way that is not present in models with
infinitesimal firms. When firms are discrete rather than infinitesimal, the joint distribution of

productivity and markups shapes the granular drag on growth. With diffusion shocks, the sales
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and cost HHISs are sufficient statistics for this drag.

Sectoral Markup Growth Even with firm markups fixed over time, sectoral markups yj; evolve
endogenously as the sales and costs shares of firms change. Using that pj; = Pj;Aj;, a simple

Corollary to Proposition 4 characterizes expected sectoral markup growth.

Corollary 3. Consider an economy where firm productivity follows the process dAjji/ Aijy = gdt + cdWijy,

and firms have fixed markup heterogeneity p;;. Then, expected sectoral markup growth is given by:

1 o [~
]Et |:d1n,u]t:| - (S - 1)27 (H]t - H]t> . (19)

dt

The proof is in Appendix A.5. Comparing (19) to the misallocation growth expression in (18),
we see that expected sectoral markup growth is proportional to the difference between cost and
sales HHIs. If more productive firms have high markups, sales concentration is high relative to
cost concentration, and sectoral markups tend to decline on average. Intuitively, a firm with an
above average markup responds more with its cost share than with its sales share to a positive
productivity shock (see Equation (7)), leading to a decline in the sectoral markup. Conversely, if
more productive firms have low markups, sectoral markups tend to rise on average. Thus, the
joint distribution of productivity and markups across firms shapes the endogenous dynamics of

sectoral markups.

Aggregate Growth For efficient economies, aggregate productivity growth inherits the granular
drag from sectoral sales-weighted HHIs. With distortions, aggregate productivity growth also
depends on the joint distribution of productivity and markups across firms and sectors. The next
proposition shows that expected aggregate productivity <; := E;[J.d In A;] is given the sectoral
sales-weighted difference between expected sectoral productivity growth and markup growth,

plus expected aggregate markup growth:

N
1 1
Y = ]:le] <’)/]t — ]Et |:dtdll'1]/l]t:|> +1Et [dtdlnyt} .

Proposition 5 (Aggregate Productivity Growth under Misallocation). Let H; and ’}-Nl]-t denote sectoral
sales- and cost-based HHIs, w; and @; sectoral sales- and cost-based shares, and Vj; := Zf\il (sije — Sije)? the

within-sector dispersion between sales and cost shares. If dA;j1/ Aijy = g dt + o dWij; and firm markups p;;
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are fixed, then expected aggregate markup growth and aggregate productivity growth vy, := E;[$:d In A;]

are:
1 20'2 N ~ 20'2 N ~ ~
E; |:dtdlnﬂt] = (5—1) Eij(Hjt—H]’t) — (8—1) ?ij(l—a)]) V]'t, (20)
j=1 j=1
o2 s 1

The proof is in Appendix A.5 and follows directly from Proposition 4 and Corollary 3.
The aggregate markup is the sectoral cost-share weighted average of sectoral markups. Thus,
aggregate markup growth depends on the sectoral cost-share weighted average of the difference
between cost and sales HHIs. The second term captures the dependence of sectoral cost shares
w; = w]-y]._tl/ Z,Ijzl wkylgl on sectoral markups yj; which evolve endogenously according to
Corollary 3. Again, aggregate productivity growth, is the sum of two components: average-firm
growth plus a reallocation term that depends on the sales-weighted aggregate HHI, plus expected

aggregate markup growth.

Taking Stock In summary, the model predicts that micro-level reallocation gains are limited
by granularity. As concentration increases, the ability to reallocate resources toward the most
productive firms diminishes, dragging down expected sectoral productivity growth. This granular
drag on growth is present both in efficient and misallocated economies, and it extends naturally to

aggregate productivity growth. I test these predictions empirically in the next section.

4 Data and Estimation

In this section, I describe the data sources and present reduced-form evidence on the link between
granularity and sectoral productivity growth. Building on the previous section’s theory, firm-
level idiosyncratic shocks aggregate into sectoral dynamics: under efficient allocation, greater
concentration attenuates reallocation gains and lowers expected productivity growth. The relevant
concentration metric is the sales-based Herfindahl-Hirschman Index (HHI); when markups are
dispersed, the relevant object is the gap between sales- and cost-based HHIs. I test these predictions
using Swedish firm-level data, complemented by industry-level evidence from CompNet and the

U.S. Census. This section concludes with the calibration strategy used to discipline the model for
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the quantitative analysis in section 5.

4.1 Data

Swedish firm data I use administrative microdata on the universe of Swedish incorporated
firms from the Serrano database. Compiled from the Swedish Companies Registration Office
and Statistics Sweden, with group links from Dun & Bradstreet, Serrano provides firm-level
financials from 1998 to 2022, covering 1,222,146 unique firms and 11,311,055 firm-years.® The exact

construction of the final sample is detailed in Appendix D.1.

U.S. Census As further robustness, I use U.S. industry-level data from the replication package
from Ganapati (2021), who constructs TFP and concentration measures at the 6-digit NAICS level.

Results are reported in Appendix D.3.

CompNet CompNet is a harmonized European dataset reporting industry—level indicators. I
extract two—digit NACE measures of productivity growth and concentration to test the model’s

predictions in a broader cross-country context. Results are reported in Appendix D.4.

4.2 Reduced-Form Evidence

I define a sector as a 5-digit industry (SNI 2007, which maps to NACE Rev. 2) and compute firm
market shares from nominal sales within each sector-year. Unfortunately, there are no measures of
TFP at the 5-digit level. I proxy sectoral productivity using labor productivity (nominal output over
labor). Labor productivity is an imperfect measure of TFP, as it confounds changes in markups
with changes in efficiency. I present robustness checks in Appendix D, including specifications
that control for future concentration. I further test the model’s predictions using CompNet and
U.S. data from Ganapati (2021). For the latter, industry-level TFP and concentration measures at
the 6-digit NAICS level are available, and I find a negative relationship between concentration and
productivity growth consistent with the model.

In practice, industries might differ in the deep parameters of the model, like the elasticity
of substitution, as well as in the primitives of the productivity process. To control for such

heterogeneity, ideally I would use industry fixed effects. I report such regressions in Appendix B,

8See Weidenman (2016); data retrieved 15/10,/2023.
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which show a clear negative relationship between concentration and productivity growth within
industries. However, given my imperfect proxy for productivity, a high level of concentration
today might be mechanically correlated with a high level of labor productivity today. Including
an industry fixed effect makes that mechanical correlation carry over to future labor productivity,
leading to a spurious negative correlation between concentration and productivity growth. To
avoid this issue, I instead include current labor productivity as a control, and use 2-digit industry-
by-year fixed effects to control for broad industry trends. The current labor productivity control
captures the mechanical correlation between concentration and productivity levels, isolating the

effect of concentration on future productivity growth.

I estimate two regression specifications corresponding to the efficient and inefficient economy
cases described in the theory, as outlined in equations (22) and (23). First, I regress one-year
ahead labor productivity growth on the Herfindahl-Hirschman Index (HHI) of sales shares. In
an efficient economy with constant markups, this is the relevant concentration measure, and the
theory predicts a negative coefficient f; < 0. Second, I regress productivity growth on both sales
and cost share HHIs. When markups differ across firms, the relevant concentration measure is the
gap between sales and cost HHIs, which I include as an additional regressor in equation (23). The
theory predicts that both coefficients will be negative and that the coefficient on the gap will be

larger in magnitude B, < B1 < 0.

InAjar—InAp =a+Bi1Hj+BalnAj +e€jqn (22)

InAja—InAjp =a+pi1Hj+ B2 (Hjt - ﬁjt) +BaInAj +€jriar (23)

Table 1 reports results. Columns (1) and (2) show that higher sales concentration is associated
with lower 5-year ahead labor productivity growth. In particular, an increase in the HHI of
1 percentage point is associated with a 0.2% lower five-year-ahead labor productivity growth.
Columns (3) and (4) include both sales and cost concentration. The coefficient on sales concentration
remains negative, but shrinks substantially and is no longer statistically significant. The gap
between sales and cost concentration drives the results: an increase in the difference between sales
and cost concentration of 1 percentage point is associated with a 1% lower five-year ahead labor

productivity growth. These results are consistent with the model’s predictions.
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Table 1: Concentration and Productivity Growth: Swedish 5-digit industries, 1998-2022

Efficient With Distortions

In(Prods;5) — In(Prod;) In(Prod;ys) — In(Prod;)

@ 2 (©) (4)

HHI; sales -0.323*** -0.215** -0.046 -0.013
(0.062) (0.062) (0.066) (0.065)

HHI,; sales — HHI; costs -1.349*** -1.164***
(0.199) (0.198)

In(Prod;) -0.106*** -0.070%**
(0.017) (0.016)
Observations 7218 7218 7218 7218
R? 0.292 0.318 0.342 0.352
R? Within 0.026 0.062 0.094 0.109

Notes: Unit of observation is 5-digit SNI in Sweden, 1998-2022. In(Prod) is log-labor
productivity, HHI (sales/costs) based on firm sales and personnel cost shares within
the industry. All regressions include 2-digitx year fixed effects. SEs clustered by 5-digit
industry and year. “Efficient” refers to the specification motivated by the predictions of
the model without distortions, while “With Distortions” includes the additional control

for the HHI gap (sales - costs) as motivated by the model with markup dispersion.

I run similar regressions for U.S. and CompNet data in Appendix D.3 and D.4, respectively,
finding results consistent with those reported here. For the U.S., I find that whenever an industry is
more concentrated in sales than its long-run average, it experiences lower total factor productivity
growth in the following five years. This finding is robust to controlling for future concentration,
suggesting that the results are not driven by industry fixed effects. For CompNet, I find that the
gap between sales and cost HHIs negatively predicts five-year ahead productivity growth, while
sales HHI alone shows no systematic effect. Quantitatively, a one-percentage-point increase in the
difference between the two measures predicts a reduction in 5-year productivity growth of about
0.5 percentage points, consistent with a granular drag operating through misallocation.

The theory predicts further that the relationship between productivity growth and the HHIs
should be, up to second order, linear. Figure 1 shows binned scatter plots of the nonparametric

relationship between concentration and productivity growth, with the linear fit from columns (2)
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and (4) of Table 1 overlaid.” Panel (A) shows the relationship between sales HHI and five-year
ahead productivity growth, controlling for current productivity and fixed effects. While the
relationship is negative, linearity is not apparent. Panel (B) shows the relationship productivity
growth and the difference between sales and cost HHIs. As the theory predicts, a negative linear

relationship is clearly visible, supporting the model predictions that granularity affects sectoral

dynamics through misallocation when markups differ across firms.
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Figure 1: Binscatters of five-year labor-productivity growth on concentration: Swedish 5-digit
industries, 1998-2022. Panel (A) plots In(Prod;s) — In(Prod;) against the sales HHI; Panel (B)
plots the same outcome against the HHI gap (sales — costs). Bins are ventiles (20). Each panel
partials out current In(Prod;) and 2-digitxyear fixed effects; Panel (B) additionally partials out
the sales HHI. Partialing out and 95% confidence bands are computed using the semiparametric
binscatter procedure of Cattaneo et al. (2024). Sample: 7,218 industry—year observations.

Since my measure of productivity is labor productivity rather than TFP, I cannot rule out that
part or all of the estimated correlation is driven by changes in markups rather than productivity.
This, however, would not invalidate the mechanism proposed in the model. As shown in equation
(19), the expected growth rate of sectoral markups is also decreasing in the gap between sales and
cost HHIs. Thus, even if the estimated coefficients are driven by changes in markups rather than

efficiency, the model fits the data well.

I conclude this subsection with a note of caution on the magnitude of the reduced form

estimates. For example, I use 5-digit industries to map firm-level data to sectors, but 5-digit

9T use the methodology developed by (Cattaneo et al., 2024) to residualize and estimate the confidence intervals for
the binned scatter plots.
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industries may not correspond to the relevant market boundaries for competition.!” If, for example,
the relevant market is narrower, then the estimated coefficients will be larger in magnitude than
the true effect, as I show later when comparing data to model results. Furthermore, the regression
specification is likely misspecified. For example, firm dynamics might themselves depend on
concentration. If large firms in more concentrated sectors invest less in productivity-enhancing
activities, there will be more mean reversion in productivity among large firms, which will

mechanically generate a negative correlation between concentration and productivity growth.!!

4.3 Calibration Strategy

To discipline the model, I calibrate the parameters governing the productivity process and firm
demographics using simulated method of moments (SMM). I match cross-sectional moments of
the distribution of firm sales share growth within industries, as well as industry-level moments of

concentration and productivity growth.

For each industry-year pair, I compute cross-sectional moments of the distribution of one-year
firm sales share growth, as well as industry-level moments of concentration, productivity growth,
and related aggregates. For each moment, I compute the statistic within each industry and
then take a sales-weighted average across industries (weights = total industry sales). Because all
moments are based on sales shares, the calibration is not affected by common industry shocks.
Results are robust to using simple medians instead of weights; the moments are quantitatively
similar. I collect parameters in the vector 6, which includes all primitives governing the productivity

process and the demographic block.

The productivity process (10) includes a common deterministic drift (g), a diffusion coefficient
(o) that reflects the standard deviation of thin-tailed shocks, and a jump component that captures

the frequency and size of large shocks. For the jump distribution, I use an asymmetric Laplace

distribution:12

= —p—|x|
‘ B y++y,e , x<0,
fi(Gue, p-) =

105ee Berry et al. (2019) for a comprehensive discussion of the role of market definition in empirical industrial
organization.

1 practice, however, this effect is unlikely to be very strong, as if it were the case, we would not observe the Pareto
tail in firm size. See (Gabaix, 2009) for the details.

12An empirical regularity observed in firm growth rates is that the unconditional distribution of firm growth rates
follows a double-exponential (Laplace) distribution; see Stanley et al. (1996).
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with mean - — L and variance 1%2 + ﬂ% As we saw in Section 3, higher-order moments like
- +

T
skewness and kurtosis might interact with granular concentration in a non-trivial way. Allowing
for asymmetry in the jumps allows matching skewness, while kurtosis is controlled by the jump
intensity A.!3 Finally, the model includes an exogenous exit rate § and a parameter 7 that governs

the speed of the firm size distribution’s traveling wave.

While all parameters affect the distribution of sales-share growth, we can think of certain
moments as being more sensitive to specific parameters, which aids in identification. Table 2
summarizes all the internally calibrated parameters. I discipline g using the median growth
rate of industry labor productivity and identify o from the difference between the 90th and 10th
percentiles of sales share log changes, denoted by P90-P10. The left and right tail parameters
(u4,u—) are identified from tail-sensitive moments: the upper and lower extreme spreads P99-P50
and P50-P01 respectively. The jump intensity A is identified from the Crow-Siddiqui kurtosis
measure % —2.91.1 The exit rate § is set to match the average firm exit rate, while 7 is
calibrated to match the median four-firm concentration ratio (CR4). The elasticity of substitution ¢
is set to 5, standard in the literature, and consistent with micro-level estimates from Boppart et al.
(2023) who estimate within-industry elasticities around 4.5 for manufacturing and 5.5 for service

industries. The number of firms per industry is Poisson distributed with mean 140, corresponding

to the median number of firms per 5-digit industry in the data.

Table 2 summarizes the calibration results. The tail index and the exit rate are estimated
separately, while the productivity process parameters are estimated jointly given a,;; and 6. The
estimated productivity process features a jump roughly every three years, with left skewed jumps
that are larger on average than right-skewed jumps. The diffusion component is relatively small
compared to the jump component, indicating that large shocks play a significant role in firm
productivity dynamics. The tail index ay,; is estimated at 3.96, implying Zipf’s law for sales shares

within industries.'®

13A low rate A makes jumps rare, leading to excess kurtosis.

147 yse quantile based measures of the second, third, and fourth moments, rather than the standardized moments
(standard deviation, skewness, and excess kurtosis coefficients) as the latter are less sensitive to outliers.

15Gince e = 5, Zipf’s law for sales shares implies a tail index of ay; =& —1 = 4.
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Table 2: Calibration targets and estimated parameters

Parameter Description Value | Main Identifying moment Data Model
g Common drift  0.019 | TFP growth 1998-2019 0.013 0.014
Diffusion coeff. 0.025 | P90-P10 of sales growth 0.45 0.46
A Jump rate 0.36 % — 291 of sales growth  3.26 3.18
Ut Right jump tail ~ 19.6 | P99-P50 of sales growth 0.73 0.75
[/ Left jump tail 15.0 | P50-P01 of sales growth 084 083
Ktail Tail thickness 396 | CR4 0.46 0.46
o Exogenous exit  0.034 | Firm exit 0.033  0.033

Notes: “Data” are empirical targets; “Model” are simulated moments at the estimated parameters. g
is firm trend; o is the diffusion coeff.; A is jump arrival rate; (y, y—) govern right/left jump tails;
Aaq is the Pareto tail index; ¢ is the exit rate. Px denotes the xth percentile. CR4 is the four-firm sales

concentration ratio. Baseline elasticity € = 5. Sample: Swedish firms by 5-digit SNI, 1998-2022.

5 Quantitative Results

This section evaluates the model’s quantitative performance at all levels of aggregation. Starting
at the micro level, I first assess how well the calibrated model matches the size-dependent
features of the firm growth distribution. Second, I examine whether the model can replicate the
empirical relationship between changes in concentration and future productivity growth at the
industry/sector level, and describe the dynamic impact of an idiosyncratic concentration shock on
sectoral productivity growth. Finally, I show that the granular drag has implications for aggregate

productivity growth in the medium to long run.

5.1 Firm Growth Distribution by Firm Size

How and why the firm growth distribution varies with size has been a long-standing puzzle in the
literature. Two empirical regularities stand out. First, the mean growth rate is roughly constant for
medium to large firms, while small firms tend to grow faster on average. Second, the volatility of
growth rates declines with size. These patterns are puzzling because they are difficult to reconcile
with the empirical regularity that the firm size distribution exhibits a Pareto tail. For a stochastic
process of proportional growth to have a Pareto tail, the ratio of the mean to the variance of growth

rates must be asymptotically constant with size (Gabaix, 2009). Firm granularity provides a simple
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answer to this puzzle, and can account for additional features of the growth distribution, such as

its skewness.
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Figure 2: Mean and standard deviation of one-year sales growth across current sales bins. Data correspond
to Swedish firms, 1998-2022, detrended with industry-year fixed effects. Model correspond to the calibrated
model using the parameters in Table 2.

I start by plotting how the first two moments of firm-level sales growth vary with size in the
data and the model. Figure 2 plots binned scatter plots by quantile of the sales distribution of mean
and standard deviation of sales growth rates. The left panel shows the mean growth profile, which
is roughly flat for medium to large firms in both the data and the model. In the data, small firms
exit more frequently, which mechanically raises the average growth rate of small surviving firms.
However, for medium to large firms, the exit hazard is low and approximately constant with size,
such that model and data are directly comparable.!® The right panel shows the volatility profile,
which declines with size in both the data and the model. In the latter, small firms are exposed
to their own idiosyncratic shocks as well as shocks to large firms, which amplifies their growth
volatility. As firms grow larger, they saturate their market of operation and are constrained by the
lower elasticity of substitution across sectors, such that identical idiosyncratic shocks translate into
smaller sales growth fluctuations. The model matches the level and slope of the volatility profile
well, showing that granularity can account for this important empirical regularity.

The mechanism behind the decline in volatility can also account for the size-dependent
skewness of firm growth rates. I consider the third standardized moment of sales growth rates

across firms within each size bin. This captures the asymmetry of the distribution of sales growth.

16See appendix D.2 for evidence on the exit hazard.
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Since the standard skewness measure is sensitive to outliers, I also consider an outlier-robust
measure, the Kelly-skewness, defined as (Pog + P1g — 2Ps0)/ (Pog — P1o). Figure 3 plots binned
scatter plots of firm-level sales growth skewness against size (sales) in the data. The left panel
shows the standard skewness, while the right panel shows the Kelly skewness, which is robust to
outliers. While the standard skewness measure declines fast with size, the Kelly skewness measure
shows a more gradual decline. This means that the change in skewness is driven by the tails of the

distribution.
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Figure 3: Standardized skewness and Kelly skewness of one-year sales growth across current sales bins.
Data correspond to Swedish firms, 1998-2022, detrended with industry-year fixed effects. Model correspond
to the calibrated model using the parameters in Table 2.

To further understand the decline in skewness, I plot different Kelly-skewness measures using
different tail definitions (10%, 5%, 2.5%, 1%) in panel (A) of figure 4.1 Left or right skewness
can come from the left or right tail. Panel (B) plots the left tail and panel (C) the right tail. We
see that the decline in skewness in the data is mostly driven by the right tail. The equivalent
Kelly-skewness measures, left tail, and right tail in the model are shown in panels (D), (E), and (F)
of figure 4, respectively. The model matches the size-dependent patterns of skewness well. The
right tail drive the decline in skewness with size, as small firms benefit from large positive growth
opportunities when dominant firms contract, whereas large firms have less room to grow as they
saturate their market. A notable difference is that the model generates a longer right tail for small

firms than in the data. The explanation is that in the model, the exit hazard is constant with size,

7Formally, the Kelly-skewness with tail threshold 7 is defined as (Py_, + Py —2Psy)/(Pi_; — Pr), where Py is the
x-th percentile of the distribution.
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whereas in the data, small firms exit more frequently. In the model, some small firms benefit from

waiting until the large firms contract to capture a larger market share, leading to a longer right tail.
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Figure 4: Kelly skewness and left/right-tail decomposition of one-year sales growth across current sales
bins. Kelly skewness with tail threshold 7 is defined as (P;_ + Pr —2Psp)/(Pi—¢ — Pr), where Py is the
xth percentile of the distribution. Panels (A)—(C) correspond to data; panels (D)—(F) to the model. Data
correspond to Swedish firms, 1998-2022, detrended with industry-year fixed effects. Model correspond to
the calibrated model using the parameters in Table 2.

Overall, granularity provides a natural explanation for these size-dependent patterns in the
growth distribution. Large firms have less room to grow within their sector, leading to a lower
volatility and skewness of growth rates, even when firm productivity follows a random walk.
These findings further reinforce the validity of assuming idiosyncratic random growth processes
for firm productivity, which serve as the foundation for the theoretical predictions for sectoral

dynamics which I examine next.

5.2 The Granular Drag at the Industry Level

As shown in section 4.2, there is strong empirical evidence that increases in concentration and

markup dispersion lead to lower future productivity growth at the industry/sector level. I now
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assess whether the calibrated model can replicate this empirical relationship. To do so, I simulate
a stationary economy with a large number of sectors and estimate industry-level regressions. To
allow for distortions, I allow for i.i.d. taxes and subsidies on firm sales of +20% in the spirit of
Restuccia and Rogerson (2008). Note that these distortions are not calibrated to the data, but rather
chosen to generate variation in sales- and cost-based firm shares. Table 3 shows the results when
using the HHI gap based on sales minus costs. In the model with distortions, an increase in the
HHI gap leads to a decline in future productivity growth, roughly explaining 20% of the empirical
coefficient.

Table 3: Concentration and Productivity Growth: Swedish 5-digit Industries vs. Model

Data Model

In(Prod;;5) — In(Prod;) In(Prods;s) — In(Prod;)

@ @ ®) )

HHI; sales -0.215** -0.013 -0.059*++ -0.060**+
(0.062) (0.065) (0.006) (0.005)
HHI; sales — HHI; costs -1.164*** -0.215%**
(0.198) (0.026)
In(Prod;) -0.106*** -0.070*+ -0.066**+ -0.068***
(0.017) (0.016) (0.008) (0.007)
Observations 7218 7218 200000 200000
R? 0.318 0.352 0.064 0.068
R? Within 0.062 0.109 - -

Notes: Data corresponds to 5-digit SNI industries in Sweden, 1998-2022. Model
corresponds to a simulated cross-section of CES nests. In(Prod) is log-labor
productivity, HHI (sales/costs) based on firm sales and personnel cost shares
within the industry. All data regressions include 2-digit x year fixed effects and SEs

clustered by 5-digit industry and year.

It is worth noting that the empirical estimates may be upward biased due to the definition
of industries in the data. Suppose that a “mega industry” in the data contains K underlying
true “micro industries” (CES nests) each with the same true concentration H. The measured
mega-industry concentration will then be H™*8* = H - h, where h = Zle (smicro)2 captures a form
of “sub-industrial HHI” based on the relative shares s of each micro industry within the mega

industry. In this case, the empirical regression coefficient satisfies gempirical = gmodel /p; implying
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that the empirical estimate is upward biased by a factor 1/h. For example, if the mega industry
consists of K equal-sized sub-industries, then & = 1/K and the empirical coefficient is K times
larger than the theoretical one. The evidence is consistent with K ~ 5.

The model generates a quantitatively significant granular drag in the sectoral cross-section.
However, all theoretical derivations have been over an infinitesimal time horizon. It could be
that concentration and sectoral productivity respond immediately to idiosyncratic shocks, such
that the drag is only relevant at very short horizons. To assess the quantitative importance of
the granular drag over longer horizons, I next examine the transitional dynamics of productivity
growth following a concentration shock. Since the only shocks in the model are idiosyncratic
firm-level productivity shocks, concentration shocks arise endogenously from the aggregation of
these shocks. To trace the impulse response of sectoral productivity to a change in concentration,
I use local projections (Jorda, 2005). Specifically, I estimate the following equation for 5-year

horizons h = 0, 5,10, ... 140:
ApInAj; = BpAsHjs + 0,05 <7‘[th - ﬁj/t> +BalnAji 1 + aj + T + €rin (24)

where A, X;; = X, — Xj; denotes the h-step-ahead change in variable X, and «; and 7; are
sector and time fixed effects, respectively. The coefficient ) captures the impulse response of the
h-period change in log productivity to a one-unit change in concentration, while 6, captures the

effect of a change in the gap between sales- and cost-based HHISs.
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Figure 5: Model IRFs to One-Percentage-Point Increases in Sales HHI (Blue) and HHI Gap (Orange).
(A) Cumulative Productivity Response. (B) 5-Year Productivity Growth Response. HHI Gap refers to the
difference between sales- and cost-based HHIs.

33



Panel (A) of figure 5 shows the sectoral productivity response to a one-percentage-point
increase in concentration. The blue line with circles corresponds to a one-percentage-point change
in sales-based HHI, holding the gap between sales- and cost-based HHIs constant, while the
orange line with squares isolates the effect of the HHI gap between sales- and cost-shares. A
one-percentage-point increase in sales concentration raises cumulative productivity by roughly 0.7
percentage points on impact, whereas a similar increase in the HHI gap generates an immediate
gain of about 2.2 percentage points. Both effects gradually decay over time: after around 50 years,
sectoral productivity is still about 0.2 and 0.5 percentage points higher, respectively. Panel (B)
reports the corresponding 5-year growth responses. The initial burst in productivity growth, most
pronounced for the HHI gap, reflects short-run reallocation gains as resources shift toward firms
operating below their socially optimal scale. Over time, however, higher concentration dampens

reallocation from idiosyncratic shocks, leading to a persistent slowdown in growth.

5.3 Aggregates and Persistence

Finally, I assess the implications of the granular drag for aggregate productivity growth. I assume
that there are 600 sectors in the economy, each with a Poisson number of firms with mean 140.
According to equation (17), aggregate productivity growth can be decomposed into a weighted
sum of sectoral productivity growth rates, where the weights are given by the sectoral sales shares:

o2 o? N
'yt:g—?—l—(s—l)? 1_ijHjt
j=1

Thus, aggregate productivity growth inherits the drag from the sectoral level, and the relevant
measure of granularity is the sales-weighted average sectoral HHI, Zjlil wjHjt. 1 choose a con-
servative calibration with w; = 1/N for all sectors.'® Panel (A) of figure 6 plots binned scatter
plots of annualized 10-year aggregate productivity growth against the current sales-weighted
aggregate HHI. There is a clear linear relationship, with a 5 percentage point increase in the
sales-weighted aggregate HHI leading to a decline in 10-year productivity growth of about 1.1
percentage points. Panel (B) illustrates the decay of this effect over different horizons. It plots the

annualized absolute value of the regression coefficient of aggregate productivity growth on the

18In practice, the distribution of sectoral sales shares is substantially more skewed, and has a statistically insignificant
correlation with sectoral HHIs. The calibration here likely understates the dispersion of sales-weighted aggregate HHIs
and the quantitative importance of the granular drag at the aggregate level.
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sales-weighted aggregate HHI for horizons from 1 to 30 years. For example, the point at horizon
10 shows the same absolute value as in panel (A). The effect decays slowly over time, with a
5 percentage point increase in the sales-weighted aggregate HHI reducing 30-year productivity
growth by about 1.65 percentage points.

Panel (B) also plots the corresponding effect when controlling for the current level of aggregate
productivity. Since granularity is the only source of sector heterogeneity in the model, more
concentrated sectors are also more productive on average. Thus, controlling for current productivity
removes part of the variation in concentration that drives future growth. Nevertheless, the granular
drag remains quantitatively significant even after controlling for current productivity, with a 5
percentage point increase in the sales-weighted aggregate HHI reducing 10-year productivity

growth by about 0.5 percentage points.

(A) 10-Year Aggregate Growth vs. HHI (B) Aggregate Persistence of the Granular Drag
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Figure 6: Model-Simulated Long-Run Effects of Aggregate Concentration on Productivity Growth.
(A) Binscatter of annualized 10-year aggregate productivity growth vs. sales-weighted aggregate
HHI. (B) Absolute value of the annualized effect of sales-weighted aggregate HHI on aggregate
productivity growth across horizons (1-50 years).

The analysis in this subsection focuses on the aggregate implications of the granular drag
under an efficient allocation of resources. As shown in the preceding theoretical results, the impact
of granularity on productivity growth is amplified in the presence of misallocation. Incorporating
these effects quantitatively is a natural next step, which I will address in a subsequent version of

the paper.
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6 Conclusion

This paper has developed a micro-founded, exogenous growth model providing to study how
firm granularity shapes productivity growth. Embedding idiosyncratic productivity shocks in a
multi-sector model with finitely many firms, I show that market concentration shapes expected
productivity growth. When firms hold non-negligible market shares, the reallocation of resources
across producers becomes imperfect. As a result, higher concentration reduces the expected gains

from micro-level reallocation, generating a granular drag on productivity growth.

The model generates substantial and persistent cross-sectional growth heterogeneity across
firms and aggregates, in line with the empirical evidence. At the firm level, granularity generates
size-dependent patterns of growth: large firms exhibit lower volatility and left-skewed growth,
while smaller firms display higher volatility and right-skewed growth as they benefit from
reallocations when dominant firms contract. At the sector level, concentration hampers reallocation
gains from idiosyncratic shocks. Distortions in resource allocation further amplify this mechanism
when the largest firms charge higher markups. Industries that become more concentrated, or
where sales are more concentrated than costs, subsequently experience slower productivity growth.
These predictions further aggregate up to the macro level, implying that economies with more
concentrated dominant sectors grow more slowly on average.

Consistent with these predictions, I find strong support for these mechanisms using firm- and
industry-level data from Sweden, the United States, and Europe. Across Swedish 5-digit industries,
a 10-percentage-point rise in the Herfindahl index of sales concentration is associated with about
a 3-percentage-point decline in five-year productivity growth. In the presence of distortions,
the theory predicts that the granular drag is amplified when sales concentration exceeds cost
concentration. Consistent with this, I find that a 10-percentage-point increase in the gap between
the Herfindahl indices of sales and costs predicts a decline of roughly 13 percentage points in
five-year productivity growth.

More broadly, the results suggest that micro-reallocation plays a central role in shaping
how economies grow. By linking firm granularity to expected productivity growth, this paper
highlights a granular drag channel through which market concentration influences medium- to
long-run performance. The framework provides a foundation for future work exploring how entry,
policy distortions, or endogenous innovation decisions interact with granular dynamics to shape

productivity and growth at both the sectoral and aggregate levels.
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A Theory Appendix

A.1 Derivation of Sectoral and Aggregate Productivity Indices

In this subsection, I derive the sectoral and aggregate productivity indices (9). Recall that the
sectoral productivity index is defined as labor productivity A; = Y;/L;, where Y] is sectoral output
and L; = Zf\il L;j is sectoral labor input. The sectoral markup is defined as y; = P;A;, where P; is
the sectoral price index and the wage has been normalized to 1. Using the definition of sectoral

productivity we have:

such that the sectoral markup is the arithmetic mean of firm-level markups p;; weighted by their
cost shares s5;; = L;;/L;. Using that L; = 21 1L1] and L;; = yZ]EAs 1C where C; is a sector-level

term. We can then write:

S A
o m;g A
S, Pl
Zz 1P‘ZJ€A£ !

(VJ/A‘)
Sy A

Hj=

where in the last line we used the definition of the sectoral price index P].l_e = Zl 1 P; ¢ =
N:

ilq (mii/ Aij) e Rearranging yields the expression for sectoral productivity in (9):

1
N: e—1

] ;’l] —& 1
A = <l > AL
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A.2 It6’s Lemma

Throughout the paper, I frequently use It6’s lemma to derive the stochastic differential equations
(SDEs) governing firm, sector, and economy-wide productivity dynamics. Intuitively, Itd’s lemma
is the stochastic analogue of the chain rule. When a variable evolves randomly, changes in a
transformation of that variable depend not only on the changes in the original variable, but also on
how randomness propagates through the transformation. For example, if firm productivity follows
a geometric Brownian motion, then the growth rate of its logarithm must correct for curvature of
the concave transformation (the —%0’2 term) because expectations and nonlinear transformations
do not commute. It6’s lemma formalizes this correction for general transformations. In this
paper, it allows me to map micro-level stochastic processes for firms into laws of motion for
aggregates such as sectoral or economy-wide productivity indices. Itd’s lemma does not give an

approximation, but an exact characterization of the dynamics of transformed stochastic processes.

Ito’s Lemma (with Jumps) Let X; follow

dx
X—f = prdt + oy dW; + (el — 1) dQ;,
-

where W; is a standard Brownian motion, Q; is a Poisson process with intensity A, and J; is the
(possibly random) jump size. For any f € C*>! (continous, twice differentiable in X and once in ),

It0’s lemma states that

Af (X t) = (atf + e X; Oxf + L2 X2 aXXf) dt + 01X, Ox f AW,

+ [f(Xi-el', 1) = (X, )] dQs. (A1)
For example, if f(X;,t) = In X; this yields:
dlnXt = (yt — %O}Z)dt —|—0’tth + ]tth

The traditional It6’s lemma is without jumps and can be recovered by setting the jump intensity A

to zero.



A.3 Proofs and Derivations for The Granular Drag in Efficient Economies

In this section I illustrate the main derivations of SDEs in the efficient allocation case. The SDE for

the productivity of firm i in sector j is given by:

Aijjt

= gt + odWy + (el — 1) dQyy

where ¢ is the drift, ¢ is the diffusion, W;;; is a standard Brownian motion process, J;j; is the jump

size, and Qjj; is a Poisson process with intensity A. It will be useful to derive two related SDEs:

dAS? —2)¢2
Agjtl (e—1) <g—l— e=2)o > ) > dt + (e = 1)odWie + ( (=D _ ) dQijt
ijt

2
dln Ay = (g - 2> dt + odWijs + Jij:d Qe

1
To derive the SDE for Aj; = (Zl 1 Af]t1> ', we first derive dA;t_1 =3 N dAf]t1 We have:

da ! (e —2)0? N d "
— = (8 — 1) (g + 2) dt + (E — 1)0’2 Sitdwijt —+ 2 Sit ( £— ]r]t _ ) sz]t

1
A;t i=1 i=1
where s;;; = Af]tl/ (Zi\ll Ait_1>. It will be useful to note that Zf\il sijtdWije 4 v/ H;jtdWj;, where
Hjr = SN2 s, is the Herfindahl index. That is, sector level volatility is proportional to the square-
root of the sector sales-HHI, as in Gabaix (2011). Note that this is an artifact of ignoring sector
level shocks, which would induce additional sector level volatility, but are not relevant for the

main results of the paper. By applying It6’s lemma, we can derive the SDE for Aj;:

dAy

Ajt

N:
-2 . =
= (g + (82)(72 (1- Hjt)> dt + o4 [ HjidWj; + Z [(1 + sijt (e(g_l)]"ﬂ - 1)) - 1} dQijt-
i=1

Using Ito’s lemma for the log transformation again, we get:

2 _
dlnA]t—(g 2 821 2(1— ]t>dt+0'1/ d
]

2
%ln (1 + sijt ( =i _ 1>> dQijt

i=1

We are now ready to prove Proposition 1, and Proposition 2.



Proof of Proposition 1 and Proposition 2. The focus of the paper is on expected productivity growth
vit := E¢[4;dIn Aj;]. We have E; [dWj;] = 0 and E; [dQyj;] = Adt, so taking expectations and using

independence of the process and of the jump arrival and jump size yields:

Vit =8 — 022 + %02 (1=He) + S_Ll %;Et [ln (1 + st (6(8‘1”’7’ - 1))}
-

To recover the case without jumps, we set A = 0, which yields equation (12). To recover the case

with jumps only, we set g = ¢ = 0, which yields equation (15). B

The following proposition formalizes the preceding results, showing that in efficient economies,
expected sectoral productivity growth is always bounded between the monopolist and fully

diversified cases.

Proposition 6. Consider an efficient economy where firm productivity follows the process in (10). Then,
the expected sectoral productivity growth rate vy = E¢[d In A}, / dt] is bounded above by the growth rate in
the fully diversified v* case and below by that of a monopolist ~':

,-),1 < r)/]t < ,)/OO,

and the reallocation term with a continuum of firms v* — «! is increasing in the within sector elasticity of

substitution e.

Proof. The proof for the case without jumps is immediate from (12). For the case with jumps, the

result follows from the elementary inequality e* > 1+ x forall x e R. i

From Proposition 6, it follows that in efficient economies, the reallocation residual is always
positive.
A.3.1 Concentration and Growth over Finite Horizons

The results above characterize instantaneous log growth. Do these results change when considering

growth over an arbitrary horizon At? To answer this, define

1
F]t(At) = E lEt [h’l A]',t+At —In A]t] ’



the expected sectoral log growth between t and t + At. Ranking I'j;(At) across sectors requires a
stronger notion of concentration than single-index measures such as the HHI. The relevant concept

is Lorenz concentration:

Definition 1 (Lorenz Concentration). Let §j; and Sy be two sorted share vectors (padding with zeros if

N; # Ni). We say that §j; is more Lorenz-concentrated than sy, written Sj; > Sy, if

m

m
Z Sijt = Z Skt for all m,

i=1 i=1

with strict inequality for some m.

Interpreting the ordered shares as an empirical distribution, Lorenz concentration is exactly
first-order stochastic dominance (FOSD) of that distribution.'® It implies higher values for standard
measures of concentration, including the HHI and top-m concentration ratios. With this notion of
concentration in hand, we can establish a negative relationship between concentration and growth

even over finite horizons.

Proposition 7. Consider an efficient economy where firm productivity follows a random growth process
(e.g., (10)) and there is no entry or exit. For any At > 0, consider two sectors j and k. If sector j is more

Lorenz concentrated than sector k, written §'jt > Sy, then

Proof. A symmetric function f : R” — R is Schur-concave if for any two vectors ¥, i/ € R” such that
X is more Lorenz-concentrated than i (i.e., X > i), it holds that f(X) < f(i/). The expected growth
rate I'j;(At) is a symmetric function of the share vector §j;, which is also strictly (Schur-)concave
for e > 1, such that if sector j is more Lorenz-concentrated than sector k, then I';;(At) < T (At).
In the case of percentage growth over finite horizons, the elasticity of substitution ¢ needs to be

greater than 2 for Schur-concavity to hold. W

19Mathema’cically, Lorenz concentration is referred to as the majorization order. See (Marshall et al., 2011) for a
textbook treatment.



A.4 Entry, Exit, and Stationary Firm Productivity Distribution

Without a "stabilizing force" (Gabaix, 2009), random growth does not admit a stationary distribu-
tion: firm productivities fan out over time.?’ To address this, I introduce firm entry and exit. I first
characterize the stationary distribution with a continuum of infinitesimal firms, and then discuss
how granularity affects the realized cross-section with finitely many firms.

Suppose we are in the large-N; limit with a continuum of infinitesimal firms. Firm productivity
follows the jump-diffusion process in (10). Each incumbent exits permanently at Poisson rate § > 0,
and new firms enter at Poisson rate v > 0 with initial productivity A.e’" (or more generally from
an entry distribution F,). Under some mild conditions on 7, there exists a unique traveling-wave
distribution that is shape-invariant over time. Denote x;j; := In A;;; — 17t the productivity of firm i
in sector j relative to the traveling wave, so that x;;; is stationary over time. Let ¢(x) denote the
stationary density and write p.(77) := g — ‘772 — 11. The stationary density solves the Kolmogorov

forward equation (KFE):

2

0 = ) ¢(x) + T ¢"(x) + AE[px— )~ p(0)] - 69(x),  reR\x) (A2

with an inflow of mass at x, := In A, at rate v. A standard implication of (A.2) is that the stationary
right tail is exponential in logs, or Pareto in levels. See Appendix D in Gabaix et al. (2016) for
the details for the same KFE equation (A.2) with jumps. Guessing ¢(x)oce™™* away from x, and

substituting into (A.2) yields a mapping between the traveling-wave speed 7 and the tail index «

afl
V] 1 g (A3)

x—1 5 E

= - A 4
=8+ 50 * a

Here, 77 denotes the traveling-wave speed that sustains a growth. Intuitively, greater volatility >
or more right-skewed jumps (larger [E[e*/]) thicken the tail (reduce &) unless offset by faster wave
speed 7 or higher exit 6. If the entry distribution is not degenerate, a further requirement is that
the entry tail is thinner than the stationary tail.

With finitely many firms, the empirical sectoral distribution fluctuates around the stationary

density.?! As the number of firms N; increases, the empirical distribution converges to the

20For the stationary distribution to have a Pareto tail consistent with the data, the mean reversion induced by the
stabilizing force must be "small", such that the previous analysis without mean reversion remains a good approximation
for the upper tail. See Gabaix (1999, 2009) for details.

210ne necessary modification with finitely many firms is that, to have on average N]- incumbents, the rate of entry
V= 5N]



stationary density ¢(x). If instead we let the number of sectors N go to infinity, the density
of sectoral productivities converges to a stationary distribution as well, which depends on the
stationary firm productivity distribution ¢(x). In this cross-section of sectors, sectoral productivity

Ajt and concentration H; are positively associated.

Proof of Proposition 3. Define

—— e—1 o cl/(e-1) o 1]t
Sjt = ZAth ’ Ajr = 5 ’ Sijt = Si
i=1

I model entry and exit as Poisson jumps of the sectoral aggregator:

e Entry: A marked Poisson random measure QV(dt, dA,) with intensity v and jump distribution

F.+(dA.)dt adds a mass AS™! to Sj; at each jump.

e Exit: For each incumbent i, a Poisson process Q?(dt) with intensity  dt removes the mass

Alj ; I when firm i exits.

Hence the law of motion for Sj; is

dSi;, = | A& QV(dt,dA,) A LQd(dt). (A4)
] ijt

Applying Itd’s lemma (A.1) to (A.4) gives

N
dlnsﬁ:fln(lwgif) QV(dt,dAe)+21n(1 A;ﬂ ) Q(an)
N;

Jln 1+(T)g 1) QY (dt, dA,) —|—Zln 1—s5) Q2 (dt), (A.5)

i=1

where [ used Aj; = Sl/(‘a’ R

using E;[Q"(dt,dA.)] = v F.+(dA.) dt and E;[Q¢(dt)] = & dt, and the independence of jumps and

and s;j; = Aij.t_l /Sjt. Since In Aj; = 8_% In Sj;, taking expectations and

arrival times, the instantaneous expected growth rate y;; = [E; [%d In Aj;| follows from (A.5):

N;

5 ]
=g Bl( )] + 5y Lm0
Entry Exit ’



which proves Proposition 3. B

Second-order exit approximation. For small shares, In(1 —s) = —s — 152 + O(s®), hence
, ) ) 1 »
EXlt]'t — m 211’1(1 — Si]‘t) o —; (1 + j%]f) 7 H]t — Z Sijt’
1 1
making the role of concentration explicit.

A.5 Sectoral Productivity Growth with Misallocation

Proof of Proposition 4. The sectoral productivity index can be written as:

N; _ 1— ﬁ
(Z'J A?jtlyij e)
Ay = N (A.6)
Dl A1]t Hij

Recall that
1,,1— 1. —
zs]t :uz] ‘ ~ zg]t :uz]'g Lijt
Sijt: T Sijt = - 1 — = N]- L s
P kit P Zk 1 %jt P Zkzl kit

and let H;; := l]t and H]t = Zi(gijt)z be their HHI indices. Write

Nj Nj

- 1, 1— o 1, — __¢
th = Z f]t ]’ll] g, D]t = Z fjt ‘MUS, h'IA]'t = e 1 In N]t —In D]t

i=1 i=1

Since y;; are constants, for each summand Xl(]t )= Af]tlys ¢ and Xl(]t) = Af]tlyl;g

dlnX( )_( _1)dlnAijt/ dlnxfj?):(g—l)dlnAijt.

ijt

Then we have s;;; := ijlt\]) /Nj; and §ijt = Xl(j?) / Dij;. For any positive sum U = }; X; with weights

@; := X;/U and independent Brownians, Itd’s formula for In U gives

dinU = szdlnX+ (szbz 2@2192)



where b; is the diffusion loading in dIn X;. Applying this identity to Nj; (with b; = (¢ — 1) and

weights s;j;) yields

o? e—1)%0?
dIn Ny = (e~ 1) <g - 2) At + (= 1) ), sipd Wi + (Gl 2) (1= Hpe)at,
1

The same calculation for Dj; (with weights §ijt) gives

o2 N e—1)2%0? ~
dInDj = (¢ — 1) <g _ 2) dt + (e — 1)aZ S dWije + e=1)7” (1 — Hjt>dt.
1

2
with ﬁjt = Zi(gijt)z. Combining via In Ajy = ;57 In Nj; — In Dj; and taking expectations gives (18).
n

A.6 Sectoral Markup Dynamics

I derive here the SDE for sectoral markups under the diffusion specification in (10) with A = 0 (no
jumps), and under the assumption that firm-level markups y;; are heterogenous but constant over

time. The sectoral markup index is defined as

N; -1
Hjt = Z Sijt,”l‘;l
i=1

It will be convenient to rewrite this as

N.
j e—1,,1—¢
il Aijt Hij

‘u]t o NJ e—1,,—¢

i1 Aijt Hij

Applying the results from Appendix A.5, we can write the SDE for sectoral markups as

2 Nj
dln V]t = (8 — 1)2% (H]t - Hﬂ)dl‘ + (8 — 1)0’ |:Z (Sijt — gijt) dWijt] .

i=1

. .. N; ~ N; ~ \2
As with sectoral productivity, note that 3., (sijt — sijt) dWijt 4 A /Vjtdwyw where Vj; := i1 (sijt - sl-jt)
and W, is a standard Wiener process. Thus, the volatility of sectoral markup changes is

Oy = (€= 1)/ Vjt.



A.7 Aggregate Markup Dynamics

The aggregate markup index is defined as

N -1
pe=| Wj#ﬁl
=1

It will be convenient to define X; = w]-],t]._tl, with dInX; = —dInpj;. Define c?)]- = X;/ Zi\lzl X,

which are the sectoral cost shares. Applying It6’s lemma, we can write

=1 j=1

N N N
_ ~ 1 ~ ~
dln(‘ut 1) — Z w]dlnX/ + E (Z (U]‘(T)z(j — Z(w])2a)2(]) dt

A.8 Aggregate Productivity Dynamics with Misallocation

Using the results from Appendix A.5, we can write the SDE for aggregate productivity under

misallocation as

din Ay = Y widln Ajy — ) widIn pjy + dIn(p)
j=1 =1

Substituting the expressions for dIn Aj;, d1Inpj;, and dIn(p;) gives

2 N N
w; (1= Hje + (e = 1) (Fy — Hy) ) dt
1

2
din Ay = <g—02> dt + (8—1)%
j:

2 N N
— (8 — 1)2% Z (/J] (H]t — H]t> dt

2 N 2.2
o ~ [ e—1)0
+(s1)22§:w]-(7{ﬁ%ﬁ)dt(2)<
=1

N N
2, @Y= 2@V | dt
=1

j=1

+ Martingale Terms

Taking expectations and simplifying gives the expected aggregate productivity growth rate

10



under misallocation:

o2 2N AN
')/t:g_7 (8—1)7260]'(1—7'[]',5)+(€—1)272w]‘(7‘[]‘t—%]‘t>
j=1 j=1
e —1)20? - N
= 2) Z“’JVﬁ - E(WJ)ZVJt
j=1 j=1

where Hj; = > ; S?jt, ﬁjt = Zi(gﬁjt, and Vj; = Zi(sijt - gijf)z'

A9 Endogenous Markups

I extend the market structure presented in Subsection 2.2 to allow for endogenous markups
following Atkeson and Burstein (2008). The nature of competition determines how firms internalize
their impact on sector aggregates, and thus equilibrium markups and sales shares. I consider
three scenarios that bracket the range of competitive forces: (i) monopolistic competition, where
markups are constant; (ii) Bertrand competition, where firms strategically choose prices; and
(iif) Cournot competition, where firms strategically choose quantities. For each of these market

structures, the perceived price elasticity of demand (;; takes the following form:

I3 under monopolistic competition
C(sij) = { e(1— sij) + sij under Bertrand competition

(% (1—s;) + sij) ~! under Cournot competition

Here s;; is the sales share of firm i in sector j. In Bertrand and Cournot competition, larger sales
shares translate into higher markups, while under monopolistic competition markups remain
constant and passthrough is complete. Monopolistic competition provides a baseline with constant
markups, isolating the effects of granularity. In contrast, Cournot competition generates the

greatest markup variability across firm sizes among the three market structures.

Bertrand Competition The firm takes competitors’ prices {P;}r.; as given. The elasticity is

derived from the log-differentiated demand curve, recognizing that a firm’s price P; affects the

11



sectoral price index P;.

alnYi]‘
Cii =515
JIn P;;
Given InYj; = —eInP;j+ (e —1)InP; + C
oln P;
e (e i
gl] € (S 1)611.11)1]

8lnP] B P,‘]' é’P] _ Pi]' 1-¢
8lnPi]~ N F](’J’Pl] —\p N Sl]

Since

p;

e g,] =&— (8 — 1)51']' = 8(1 — Sl‘]‘) + Sij-

Cournot Competition The firm takes competitors’ quantities {Y;;}s.; as given. We derive the
inverse elasticity from the log-differentiated inverse demand curve, recognizing that a firm’s

quantity Yj; affects sectoral output Y.

1 alnPi]-
él‘]’_ 8lnYi]-
. 1 1
Given InP;j = ——InYjj+ ( - -1 ) InY;
€ €
11 (1) ¢y,
Cij £ € 6lnY1]

A.10 The Concentration Drag with Endogenous Markups

We postulate that
1

dll’lyi]' = IEt |:di’

dln “141]:| dt + s dW,,,.].,

where Wy, is a standard Wiener process with dW,,, dW,; = py,; dt, and 0y, is the volatility of

the markup process. Furthermore, dW,,, dWi; = pa,; dt.

12



o? o? ~
Vit = 8§ % + (3_1)?<1_Hjt+(8_1)(Hjt_Hjt))
—
Mean Productivity Change Reallocation due to technology
N,

Lo 1
+ ¢ Z (Sl‘]' — Sij) IEt |:dtd In ]41]:|
i=1

"

Mean Markup Change

+ 5981 25511 Ty = 2557 O iy | — € | 2335 iy = 23353k Oy OOy
i i i i

“

~
Reallocation due to markup changes (Jensen/variance terms)

+ e(e—1) [2(51] - Sij) U Ouii PAjjpij + Z(Sijskj - gi]gkj) ayne pAiijj] .
i ik

-

~
Interaction between technology and markup changes (covariances)

A.11 Quantitative Results with Endogenous Markups

I now reestimate the full model under Cournot and Bertrand competition to compare the results
with the constant-markup benchmark. I follow the same estimation procedure as in Section 4,
but now allowing for endogenous markups. Table A.2 reports the regression results under the
three modes of competition. The model replicates the negative effect of concentration on future
productivity growth under all modes of competition. However, the magnitude of the effect varies:
it is smallest under constant markups, larger under Bertrand competition, and largest under
Cournot competition. This ranking is consistent with the strength of the endogenous markup

channel across competition modes.

Table A.1: Estimated Parameters under Different Modes of Competition

Parameter Constant Markups Cournot Bertrand

Kiail 3.96 3.35 36
q 0.019 0.02 0.019
v 0.025 0.026 0.025
A 0.36 0.42 0.38
"y 19.6 19.8 19.7
u_ 15.0 15.0 15.0
5 0.034 0.034 0.034

13



In the recalibration exercise, the parameters governing the unconditional firm growth dis-
tribution remain remarkably similar across modes of competition. Drift, diffusion, and jump
intensity are largely unchanged, indicating that the basic shape of firm growth dynamics is stable.
The main difference lies in the tail thickness of the firm productivity distribution. Intuitively,
when large firms charge higher markups, their sales shares respond less strongly to productivity
shocks. To rationalize the observed concentration levels, the productivity gap between leaders and
followers must be larger. This requirement thickens the right tail of the distribution. As expected,
the tail is thickest under Cournot competition, thinner under Bertrand, and thinnest under the

constant-markup benchmark.

Table A.2: Model Regressions under Different Modes of Competition

CPED Cournot Bertrand
In(Prodsys5) — In(Prod;) In(Prods;s)—In(Prod;) In(Prod;s) — In(Prod;)
@ 2 ®)

HHI; sales -0.059*** -0.268*** -0.128%**
(0.006) (0.013) (0.008)
In(Prod;) -0.066*** -0.018*** -0.040%*
(0.008) (0.005) (0.006)
Observations 200000 200000 200000
R2 0.064 0.063 0.062
Adj. R? 0.064 0.063 0.062

Notes: Constant markups, Cournot, and Bertrand correspond to simulated cross-sections of CES
nests under different modes of competition. In(Prod) is log-labor productivity, HHI (sales/costs)

based on firm sales and labor cost shares within the sector.

A.12 Measurement

I consider now how statistical agencies might (mis-)measure the granular drag. Consider the
efficient case with constant markups p;; = p for all i. Individual firm prices are given by P;; = u/A;;
and quantities by Yj; = y]ngij]?ij. Individual firm productivities follow a geometric Brownian
motion dA;j;/ Ajjy = gdt + cdWij;. Sector level expenditure is P;Y; = w;PY
1
The true sectoral productivity index is A; = (Zl]\il Af]ﬂ) . If a statistical agency happens

to know the elasticity of substitution ¢ and the individual firm prices, it can compute the true
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a1
productivity growth rate as dIn Aj; = —dIn Pj;, where Pj; = (ZzN:]1 Pl.ljt_g> "™, We obtain:

o2 o2

Laspeyres Price Index and the It6 Integral However, statistical agencies typically do not observe
all individual firm prices. Instead, they may construct a Laspeyres price index using initial period

sales shares as weights:

N,
L 2l PijrrarYige

P; =
jtt+AL N,
221 PijtYije
I define the Laspeyres log-change over the interval [t, t + At] as

N

' Ni cevat
Aln P]-I; = Sijt (11’1 pijt+At —In Pijt) = ZJ Sijtd In Piju
1 i=17t

i=

Note that this is an Itd stochastic integral: the weights s;;; are evaluated at the beginning of the
interval and are therefore F;-measurable with respect to the filtration generated by the firm-level

shocks. Equivalently, Aln P]% is obtained as the limit of left-endpoint Riemann sums,

n-1 Nj Nj

2 Z Sij,tk ( In Pijrtk+1 —1In Pij,tk) = fs,-]-,t dln Pi]',t/

k=0 i=1 i=1

which corresponds exactly to holding base-period quantities fixed in the Laspeyres price index.

Taking the limit At — 0 yields the continuous-time Laspeyres price dynamics

N

dIln PjL = Si]‘tdln Pijt~
i=1
Using It0’s lemma on In Pjy = Inp — In A;j; gives
2

(%
dIn P} = — <g— 2> dt — oy | Hjsd Wi

N; . . .
where Hj; = >, sizjt and Wj; is a standard Wiener process. As a result, deflating by a Laspeyres
price index completely eliminates the granular drag term in sectoral productivity growth that

would be present if the true price index were used.
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Tornqvist Price Index and the Stratonovich Integral The Tornqvist price index uses average

expenditure shares over the interval. The Térnqvist log-change over [t,t + At] is defined as

N;

1
AlnPji:= )" > (sijt + sijeat) (InPjqar—InPyje) .
izl

Taking the continuous-time limit yields the Stratonovich integral. In differential form, we have

N;

dln PjT = Z sijt o dIn Py,
i=1

where o denotes Stratonovich integration, corresponding to midpoint evaluation of the weights.

Using the Stratonovich-It6 conversion,
1
Sijt © dIn Pijt = Sijt dIn Pijt + 5 d<Si]', In Pij>t/

we obtain

N;j N;

N
dIn P]T = Z sije d In Pyj + 3 Z d(sij, In Pij)y.
i=1 i=1

We can rewrite the quadratic covariation term, we have
N;
D i In Py = —(e = 1)o*(1=Hy)dt,  Hyp:= Y%,
i=1 i
so that
dIn P} = (g 30%)dt = § (e~ 1)0? (1= Hyr)dt — o [Hje AW

That is, deflating by a Toérnqvist price index recovers the granular drag term in sectoral productivity

growth.
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Paasche Price Index and Right-Endpoint Weights The Paasche price index holds current-period

quantities fixed. The discrete Paasche price index over [t, t + At] is

N.
]
2 PijrearYij e

P
Pitprar = =_x
i1 PiitYij e ar

I define the Paasche log-change over [t, f 4+ At] as

N;

Aln let) = Z Siji+at (I Py —InPyt)
i=1
where the weights are evaluated at the end of the interval. Taking the continuous-time limit (refin-

ing the partition) yields a right-endpoint weighted stochastic integral. Rewriting the corresponding

Riemann sums gives:

N; N; Nj
D sijpardIn Py = > s dIn Py + > d{s, In Pyj)y,
i=1 i=1 i=1
so that
dInP} = s dIn Py + > d{s;;, In Py,
i=1 i=1

In the efficient CES case,
N;
D i InPyy = —(e = o> (L=Hp)dt,  Hje:= Y shy,
i=1 i
and therefore
AInpf) = (g 302)dt — (e = 1)0>(1 — Hy)dt — oy /My dW.

That is, deflating by a Paasche price index overstates the granular drag term in sectoral productivity

growth by a factor of two.

Sectoral Productivity under Different Price Indices Summarizing, the sectoral productivity
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dynamics under different price indices are given by

din A = (o= ) dit (e— 1) D (1 Hy)dt + 0y [Hy dW,
jt 8 ) € )2( ]t) +0o Jt Jt

o2
dlnA]-Lt = <g— 2) dt + o/ Hj dWj

o2

2
o
dlnA}; = (g—2> dt—l—(8—1)7(1—Hjt)dt-FO’q/HjthVjt
2

din Af; = (g— Z) dt + (e — 1)0 (1 — Hjp)dt + 0y ) Hjp dWy,

The Tornqvist index recovers the true granular drag, while the Laspeyres index eliminates it and
the Paasche index overstates it by a factor of two. This is expected since the Laspeyres index uses
base-period weights and overstates inflation as it does not account for subsitution (reallocation)
effects. The Paasche index, on the other hand, uses future-period weights and understates inflation.
The Tornqvist and Fisher indices, are "superlative" indices and exactly capture the reallocation

effects, and thus the granular drag.

B Imperfect Labor Reallocation

B.1 Setup with Firm-Specific Fixed Labor

In the main text, I assume that individual firms produce with a linear production function
Yij = AjjLij, where labor inputs L;; are freely reallocated across firms within a sector. In this
appendix, I consider the case where labor inputs are fixed. In particular, I follow Baqaee and Farhi
(2019) and I assume that each firm i in sector j has a firm specific fixed labor endowment L;; which
is

Yjj = AyLyLi " (B.7)

with & € [0,1].22 When a = 1, firms produce with only variable labor input and we recover the

main text case. When a = 0, labor inputs are completely fixed. The associated cost function is

1/«
Yl”

Cij(Yiy) = (A.f,la> /
ijLij

22T thank Basile Grassi for suggesting this exercise.

therefore
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and marginal cost is given by

1 Yij N f1a) !

When « = 1, marginal cost is proportional to Al-;l and independent of output, recovering the
linear-production case studied in the main text. Firms face CES demand with elasticity € > 1 and

charge a constant markup over marginal cost,

€

Pi]' = ‘uMCZ']‘, U= e 1

Since firms charge an homogeneous markup over marginal cost, the allocation of flexible labor is

efficient. Changes in sectoral productivity are defined as
dinA;j=dInY; —adInL;

N; . . . . ,
where L; = >, 7, L;; is total flexible labor input in sector j.

B.2 Sectoral Productivity and Its SDE

Define effective firm productivity ﬁijt = Ai]’tli}*”‘ and let

N e .
~ 8_
Ar= | ST A ez B.9
! (Z; ’”) C T e e e (B9)

Let weights and the associated Herfindahl be

AL N;
1
Sijt = ﬁ, Hjt = Z Sz'zjt- (B.10)
k=1 ki =1
Assume firm productivity follows
dAijt .
—_— = gdt + U’dWi]'t, dwijtdwkjt = 1{1 = k} dt, (Bll)

Ajjt
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and L’j is time-invariant, so dﬁijt/ /th = dAjjt/ Ajjr. Applying Itd’s lemma to (B.9) yields

N
1
dlog Ay = <g—kq9202 L4 27{ﬂ> dt—F(T}jS”th%ﬂ (B.12)
i=1
N/

1
= <g — 50'2 + g(fz(l — 7‘[]1‘)> dt + 0'2 Sijt dWi]-t.

i=1

Using E;[dW;;] = 0, (B.12) implies
12,92
Vit =8 — 7(7 + 57 2(1— Hit). (B.13)

We see that imperfect labor reallocation (¢ < 1) dampens reallocation gains by reducing ¢, while
concentration still enters only through #;;. When a = 0, we obtain the minium value ¢ = (e —1) /¢,
which is still positive. Even if labor inputs are completely fixed, productivity growth still benefits

from reallocation effects, and hence the granular drag remains present.

C Beyond CES

To extend the analysis beyond CES preferences, I consider the demand system introduced by
Hanoch (1971) and extended by Chodorow-Reich et al. (2025). For simplicity, I focus on a single-
sector economy. The representative consumer aggregates goods Y = (Y3,...,YN) into a composite

consumption index Y = F(Y), defined implicitly by

1

g

-
Z@<> _1+%_0 (C.14)

i

where ¢; > 0 are taste shifters, ¢; > 1 govern substitution elasticities, and ¢y is a normalization
constant. CES preferences are nested as the special case ¢; = ¢ for all i. The consumer minimizes

nominal expenditure
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subject to achieving utility level Y. Let g; := Y;/Y denote quantity shares. Expenditure minimiza-

tion yields the inverse-demand system
A 1/
P = i Ve (C.15)

where A is the Lagrange multiplier on the utility constraint. Define the demand index

1

N 1—
=) ¢ig; 7 (C.16)
i=1

Multiplying (C.15) by g; and summing over i implies }; Pig; = Ad. It is therefore convenient to

define the ideal expenditure deflator

N
PY:= )P (C.17)
i=1

so that the inverse-demand system can be written compactly as

P; 1/e;
P7; = d g, /" (C.18)
Define the substitution price index
PY
P:=— 1
—, (€19)
which implies
P; “1/e;
ﬁl = ¢iq; Ve (C.20)

There are two relevant price indices. The index P governs substitution across goods, while pY

deflates nominal expenditure to recover welfare.

Technology and productivity. Each good is produced using labor according to
Yi = AiLj,

with the wage normalized to one. Total labor is L = ) ; L;, and aggregate productivity is defined

as

Y N B
Y qi
A== (Z A) . (C.21)

i—1 M
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Pricing. Firms set prices as a constant markup over marginal cost,
p =14 (C.22)

where markups y; > 1 may be heterogeneous across goods but are constant over time. When

u; = u for all 7, relative prices coincide with planner shadow prices and the allocation is efficient.
Aggregate productivity and markups. Let
N
PY:= ) Pg; (C.23)
i=1

denote the ideal expenditure deflator and define the aggregate markup

N, -1
= > =) . (C.24)

i— i

Aggregate productivity can then be written as
A=—=2L1 dInA =dlny —dInPY. (C.25)

When markups are common, p = y; and aggregate productivity log-changes depend only on the

expenditure price index. Firm-level productivities follow
dinAy = (g 302)dt+odWy,  dWydWy = 1{i = j} dt. (C.26)

C.0.1 Common Markups

I first consider the benchmark case in which all firms charge a common markup,
Ui=Hu for all i. (C.27)

In this case, relative prices coincide with planner shadow prices and the allocation is efficient.

With common markups, revenue and labor shares coincide, s; = §; for all 7, and the aggregate
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markup is constant, u = ;. Aggregate productivity therefore satisfies
dlnA = —dInPY, (C.28)

where PY = Y, P,q; is the ideal expenditure deflator.

Applying Itd’s lemma to (C.28) yields

dln A =

o2 N o2 1 N o N N
g—0'2+?'25i81‘—*_*251’2812'+725? dt + O'ZSidWit, (C29)
i=1 i=1 i=1 i=1
where & := ), s;¢; is the revenue-share-weighted mean elasticity. With constant elasticity ¢; = ¢
for all i, for the granular drag to operat we required ¢ > 1. Here, the granular drag operates

2.2
i STE; = . . . . . .
when % > &;. Two extreme cases are useful again. First, when there is a single dominant firm,

i v

we again obtain dIn A = ( g "72) dt 4+ cdWy;. Second, when all firms have equal revenue shares

s;=1/N,
2 21 Y o
g—?‘i‘** (81‘—1) dt"‘i,ﬁ

where W; is a standard Wiener process. As long as the average elasticity exceeds one, expected

dln A = dWi/

productivity growth is higher than in the monopolistic case, as there will be reallocation.

The derivation of (C.29) proceeds as follows: Since markups are common, dIn A = —d In P¥ by
(C.29). PY(P,Y) is the expenditure price index associated with HCES preferences. Let x; := In A;.

Since dIn P; = —dIn A;, we have

N N
olnA 1 PlnA 2
d]nA—lzl axi dx1+2126x12(dx1) .
By Shephard’s lemma,
0dlnA N
axl 1

Furthermore, the Hicksian (compensated) elasticities of demand are given by

§IDY1 S]'€]' . .
y € ( g, {i ]}>

T o p,
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where & := Y ,_; 5/¢,. As a result, the price elasticity of revenue shares satisfies

0s; .
alnzpj =; (1{1 = ]} + eij — S]‘) .

Hence,
621nA 381'
o2 omp, ~ (I tei—si),

& 1) gives

and substituting e; = ¢; ( i
2
A (e (5 1) ).
&s

ox?

Using the dynamics of x;,

with (dx;)? = o?dt and dx;dx; = 0 for i # j, we have

N N
i=1 i=1 §
_,0— dt+ais-dw-—102§:s- 1+¢; &—1 dt
g 1 1 2 ot 1 1 55 .

i=1
Simplifying the drift term yields the expression in (C.29)

Suppose firms belong to two groups G; and G, with ¢; € {e1, €2} Let

Example (two elasticities).
S¢ = ZieGg si and Hg := >, (5i/Sg)? denote within-group concentration. Then & = €151 + €5,

and
D57 =SiH1+S3Hy, Y sier = €STH1 + 6555 Ha.

Substituting into (C.29) yields
2 €252 2 2
=g — — = — .30
[dtdlnA:| e—0 "+ — 5 (8151—|—€252) 2 81S1+€252 2 (S Hi1+ S5 7‘[2) (C.30)

As the share of either group increases, we recover the CES expression
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D Data

D.1 Swedish Firm Data
D.1.1 Data Construction

This appendix describes the construction of the final Swedish firm-level sample from the Serrano
database. The raw data cover most legal forms in the Swedish business community, with full
coverage of limited liability companies. To ensure consistency and comparability over time, I apply
the following steps: Nominal flows such as sales, value added, personnel costs, production costs,
and other operating expenses are deflated using the GDP deflator. I drop observations with missing
or zero values for sales, employment, or value added. In addition, I exclude firm-years with
imputed accounts flagged in the Serrano database (codes 11, 51, 91, and 99). Firms are required to
have positive deflated sales above 500.000 SEK, positive deflated personnel and production costs,
positive deflated value added, and positive total assets. To avoid inactive entities, I further exclude
firms that never exceed one employee over their lifetime. To mitigate extreme reporting errors, I
winsorize key accounting ratios—value added to materials, capital, and labor; materials to capital
and labor; and capital to labor—at the 1st and 99th percentiles within each year cell. Observations
flagged as outside this range are dropped. Following standard practice, I exclude sectors with large
public or financial components. Specifically, I drop two-digit SNI codes 35-39 (utilities), 64—66
(finance and insurance), 68 (real estate), 84-88 (public administration, education, and health), 90-96
(arts and other services), and 97-99 (households and extraterritorial organizations). Within each
year—industry, I compute firms” market shares from nominal sales and costs shares from personnel
costs, and construct measures of concentration (Herfindahl-Hirschman Index and maximum
market share). Finally, I restrict the sample to 5-digit industries with at least 20 firms in each year.
After these restrictions, the final dataset consists of 2.629.458 firm-year observations. Table D.3

presents descriptive statistics for the main variables in the final sample.
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Table D.3: Descriptive Statistics of the Swedish Firm-Level Data

Sales Value added Employment Personnel costs
N 2629458 2629458 2629458 2629458
Mean 24,766.7 7,229.2 11.3 5,513.9
SD 207,764.4 54,013.3 77.0 41,185.1
P25  2,256.2 854.0 2.0 661.0
P50  5,117.6 1,841.0 4.0 1,421.0
P75  13,263.9 4,518.0 8.0 3,492.0
P90  35913.4 11,362.0 18.0 8,703.0
P95 70,2247 20,906.0 32.0 16,018.0
P99  303,264.8 78,734.0 108.0 59,913.9
Max  54,028,144.8 9,473,085.0  20,699.0 8,372,000.0

Notes: Sales, value added, and personnel costs in 1000 SEK, deflated using the GDP deflator.

D.2 Exit Hazard

In the model, firm exit is driven by an exogenous Poisson process with constant hazard rate J.
To assess the empirical plausibility of this assumption, I estimate the exit hazard as a function of
firm size using the Swedish firm-level data. The Serrano database includes information on firm
exits and re-registration of previously exited firms, allowing for accurate measurement of exit
events. Figure D.1 displays the estimated exit hazard rate by log-sales, controlling for year fixed
effects. Controlling for industry fixed effects yields similar results. The exit hazard declines with
firm size, consistent with the notion that larger firms are less likely to exit the market. However,
for medium and large firms, the exit hazard is relatively flat, supporting the model’s assumption
of a constant hazard rate for established firms. (Haltiwanger et al., 2013) also document similar
patterns in U.S. data, where exit rates decline sharply for small firms but stabilize for larger firms,
with the exception that for firms with more than 500 employees, exit rates decline sharply to 1% or
lower. Of course, in the Swedish data, very large firms are much rarer than in the U.S. data, so the
flat hazard for large firms might reflect sample size limitations. A concern is that the measured
exit of large firms might reflect mergers and acquisitions, or changes in legal form, rather than
true market exit. In principle, the Serrano database tracks such events, for which I drop exits due

to mergers and acquisitions or registering of a new legal entity. To further test whether exits are
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"true" exits, I regress the yearly change in 5-digit industry sales on the sales of large firms exiting
the previous year, as reported in Table D.4. The coefficient is large and close to 1, suggesting that

exits of large firms correspond to actual market exits rather than mergers or legal form changes.

Exit Rate by Size
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Figure D.1: Exit Hazard by Log-Sales, conditioning on year fixed effects

27



Table D.4: Exit Hazard Regression Results

Sales; — Sales;_4

) )

Top 2

Exit Sales, "} -0.852%**
(0.076)
Entry SalesrtrolO 2 0.967%**
(0.072)
Exit Sales, % * -0.832+%*
(0.077)
Entry SalesrtrolD 4 0.974***
(0.063)
Year FE X X
5-digit Industry FE X X
Observations 8964 8964
S.E. type by: industry  by: industry
R? 0.154 0.157
R? Within 0.046 0.050

SEs clustered by 5-digit industry and year.

D.3 U.S. Data from Ganapati (2021)

I use the U.S. industry-level data from Ganapati (2021) to complement the analysis in Section
4.2. The dataset combines multiple administrative sources to construct consistent industry-level
measures of concentration and productivity from 1972 to 2012. The main inputs are the U.S.
Census Bureau’s Economic Censuses, the NBER-CES Manufacturing Industry Database, and the
Bureau of Economic Analysis (BEA) industry accounts. Market concentration is measured using
the market sales shares of the four largest firms and, 5-factor total factor productivity. The unit of
observation is the 6-digit NAICS industry-year.

I regress 5-year productivity growth on current with industry and 2-digit times year fixed
effects. To control for misallocation, I use the labor share as an additional regressor. Table D.5
reports the results. When an industry is above its historical average concentration, it experiences
lower productivity growth over the next five years. The effect is economically significant: a

1-percentage-point increase in the CR4 index reduces five-year productivity growth by about
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0.27 percentage points. A high labor share is associated with higher future productivity growth,
consistent with the idea that misallocation dampens growth. The industry fixed effect might
mechanically lead to a negative correlation between concentration and growth if concentration
growth and productivity growth are positively correlated in the cross-section. To address this
concern, I include the lead of concentration as an additional regressor. The negative effect of
current concentration on future productivity growth remains significant, suggesting that the results

are not driven by mechanical mean reversion.

Table D.5: U.S. Industry-Level Regressions of 5-Year Productivity Growth on Concentration

As In(TFP)
1) () (3) 4 ) (6) () 8)
CR4; Sales 0.268* -0.181* 0.039*  0.033 -0337* -0254* -0.190 -0.192
(0.084) (0.070) (0.015) (0.021) (0.073)  (0.070) (0.082) (0.086)
In(Labor Share) 0.226* -0.007 0.221* -0.006
(0.071) (0.017) (0.073) (0.016)
CR4y, 5 Sales 0250  0254* 0.237% 0.235*

0.070)  (0.065) (0.076) (0.071)

2-Digit Industry x Year FE X X X X X X X X
Industry FE X X - - X X - -
Observations 2753 2753 2753 2753 2739 2739 2739 2739
R? 0.411 0.427 0.071 0.071 0.421 0.437 0.085 0.085
R? Within 0.011 0.038 0.003 0.004 0.022 0.048 0.016 0.016

Unit of observation is 6-digit NAICS in the U.S. 1972-2012 in windows of 5-years from the replication
package of Ganapati (2021). CR4 based on firm sales shares within the industry. TFP is 5 factor TFP.

Standard errors clustered by industry and year in parentheses.

The TFP data is normalized to 1 in 1972, making cross-sectional comparisons including the
level of TFP difficult. These regressions might therefore be affected by division bias if there is both

measurement error in TFP and in sales. Click here to go back to Section 4.2.

D.4 CompNet

The CompNet dataset provides harmonized cross-country firm-level information aggregated to

the 2-digit NACE industry level for European economies. It covers measures of productivity,
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concentration, and cost structures for a broad set of EU countries. Following the same specification
as for the Swedish and U.S. data, I regress 5-year industry-level productivity growth on current
sales and cost HHISs, controlling for initial productivity and country-by-year fixed effects. As shown
in Table D.6, the gap in HHI between sales and costs enters negatively and significantly, while the
sales HHI alone shows no systematic effect. Quantitatively, a one-percentage-point increase in the
difference between the two measures predicts a reduction in 5-year productivity growth of about

0.5 percentage points, consistent with a granular drag operating through misallocation.

In(Prod;,5) — In(Prod;)

)

@)

®)

)

HHI; sales -0.097 0.007 0.134 0.229*
(0.126) (0.125) (0.077) (0.099)
HHI; gap (sales - costs)  -0.762***  -0.493**  -0.556***  -0.434**
(0.180) (0.139) (0.107) (0.136)
In(Prod;) -0.198*** -0.042*
(0.026) (0.015)
Country x Year FE X X X X
industry X X - -
Observations 9921 9921 9921 9921
R? 0.210 0.279 0.142 0.152
R? Within 0.015 0.101 0.009 0.022

Industry refers to 2-digit NACE.

Table D.6: CompNet Industry-Level Regressions of 5-Year Productivity Growth on Concentration

Click here to go back to Section 4.2.

30



	Introduction
	Model
	Preferences and Technology
	Sector Market Structure
	Equilibrium Definition and Efficient Allocation
	Firm-Level Outcomes
	Aggregation

	Productivity Dynamics
	Firm-Level Productivity Dynamics
	The Granular Drag in Efficient Economies
	The Granular Drag in Economies with Distortions

	Data and Estimation
	Data
	Reduced-Form Evidence
	Calibration Strategy

	Quantitative Results
	Firm Growth Distribution by Firm Size
	The Granular Drag at the Industry Level
	Aggregates and Persistence

	Conclusion
	Theory Appendix
	Derivation of Sectoral and Aggregate Productivity Indices
	Itô's Lemma
	Proofs and Derivations for The Granular Drag in Efficient Economies
	Concentration and Growth over Finite Horizons

	Entry, Exit, and Stationary Firm Productivity Distribution
	Sectoral Productivity Growth with Misallocation
	Sectoral Markup Dynamics
	Aggregate Markup Dynamics
	Aggregate Productivity Dynamics with Misallocation
	Endogenous Markups
	The Concentration Drag with Endogenous Markups
	Quantitative Results with Endogenous Markups
	Measurement

	Imperfect Labor Reallocation
	Setup with Firm-Specific Fixed Labor
	Sectoral Productivity and Its SDE

	Beyond CES
	Common Markups

	Data
	Swedish Firm Data
	Data Construction

	Exit Hazard
	U.S. Data from Ganapati2021
	CompNet


