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The Distribution

/oo

univariate

univariate

Mixed
univariate

Multivariate
(joint)
Directional
Degenerate
and singular

Families

Probability distributions (list) [hide]

with finite  Benford - Bernoulli - Beta-binomial - Binomial - Categorical - Hypergeometric (Negative) - Poisson binomial -
support  Rademacher - Soliton - Discrete uniform - Zipf - Zipf-Mandelbrot

Beta negative binomial - Borel - Conway-Maxwell-Poisson - Discrete phase-type - Delaporte -

ith infint
wi " "l: Extended negative binomial - Flory—Schulz - Gauss—Kuzmin - Geometric - Logarithmic - Mixed Poisson -
UPPOM  Negative binomal - Panjer - Parabolic fractal - Poisson - Skellam - Yule—Simon - Zeta
Arcsine - ARGUS - Balding-Nichols - Bates - Beta ized) - Beta - Continuous Bemouli -
supported on a

Irwin-Hall - Kumaraswamy - Logit-normal - Noncentral beta - PERT - Raised cosine - Reciprocal -
Triangular - U-quadratic - Uniform - Wigner semicircle

B e B o I B o e G eIl
Inverse (Scaled)) - Dagum - Davis - Erlang (Hyper) -
Logarthmi) £ (Noncontal) - Folded normal - Fréchet - Gamma (Generalized - Inverse)

bounded interval

supportedona . - ompertz - Gompertz (Shifted) - Half-logistic - Half-normal - Hotelling's T-squared -
semi-infinite ° . : }
Interval | 'Mverse Gaussian (Generalized) - Kolmogorov - Lévy - Log-Cauchy + Log-Laplace + Log-ogistic
@l Log-normal - Log-t - Lomax - Matrix-exponential - Maxwell-Boltzmann - Maxwell-Jittner - Mittag-Leffler -
Nakagami - Pareto - Phase-type - Poly-Weibull - Rayieigh - Relativistic Breit-Wigner - Rice -
Trncated nommal - ype-2 Gumbel Weibll (Dicrte) - Wiks's ambaa
supporteq  O2UChY * Exponentia povier - Fisher's z- Kani - Gaussian g+ normal -
on th::lhole Generalized hyperbolic - Geometric stable - Gumbel - Holtsmark - Hyperbolic secant - Johnson's Sy, -
realling  Landau - Laplace (Asymmetric) - Logistic - Noncentral t- Normal (Gaussian) - Normal-inverse Gaussian -
Skew normal - Slash - Stable - Student's t- Tracy-Widom - Variance-gamma - Voigt
N Generalzed chi-squared - Generazed exteme value - Generalzed Preto - Marcherko-—Pastur
with support N N N .
WhoSe tybe varios K-Gamma - K- Weibull - KeLogistic
e KErlang - ¢ ial - ¢  ¢:Weibull - Shifted log-logistic - Tukey lambda
continuous-

— Rectified Gaussian

Discrete: - Ewens - Multinomial (Dirichlet - Negative) - Dommuaus Dirichlet (Generalized) - Multivariate Laplace -
normal - Mult stable - I-g (Inverse) - Matrix-valued: + LKJ - Matrix normal - Matrix t-
Matrix gamma (Inverse) - Wishart (Normal - Inverse - Narmalrlnverse « Complex)

Univariate (circular) directional: Circular uniform - Univariate von Mises - Wrapped normal - Wrapped Cauchy - Wrapped exponential
- Wrapped asymmetric Laplace - Wrapped Lévy - Bivariate (spherical): Kent - Bivariate (toroidal): Bivariate von Mises - Multivariate:
von Mises-Fisher - Bingham

Degenerate: Dirac delta function + Singular: Cantor

Circular - Compound Poisson - Ellptical al - Natural fal - Locati le - Maximum entropy - Mixture - Pearson
- Tweedie - Wrapped
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Bernoulli Distribution
e Consider a biased coin with probability of heads p

® We can model the outcome of a single flip as a Bernoulli random variable

We write X ~ Bernoulli(p) and the PMF is

P ifz=1
fx(x)=<1—p fz=0
0 otherwise

Expectation? E[X]=p-1+(1—p)-0=0p

® Variance? Var(X) =p- 12+ (1 —p) - 02— p? = p(1 — p)

MGF of X? Mx(t) = E[e"X] = pe! + (1 —p)e® = E[X"]=p,r € {1,2,...}
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Binomial Distribution

e Consider n independent Bernoulli trials each with probability of success p
® Let X be the number of successes in these n trials
[

We write X ~ Binomial(n,p) and the PMF is

frlz) = Mp* 1 —p)* fz=0,1,...,n
0 otherwise
® Recall () = ﬁlz), is the number of ways to choose z elements from n without order
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Binomial Distribution

X)

P(X

PMF Bin(10, p) for different p

p=0.1 p=05 p=0.9
0.40 77 0.25 > 0404
03519 0.35 { ®
0.30 0201 0.30
0.25 1 0.25
5 0154 =
0.201 I I 0.20 1
x x
0.154 & 0.10 4 %015+
0.101 0.101
0.05 -
0.05 4 T T T 0.05 T
0.00 1 L = ° 0.00{e—2 ? 0.00{ & = oo @
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 10
X X X
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Binomial Distribution

e Recall the binomial expansion (a + b)" = > _, (})a*b"*

o MGF? )
Mx(t) = B¢ =3¢ (Z)pm —p
=3 (oera-pr
= (pe' +1—p)"

* E[X] = np, E[X?] = np(1 —p) +n*p?, Var(X) = np(1 —p)
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For Later

® Take the MGF of a Binomial random variable:
Mx(t) = (pe' +1—p)"

e Consider the limit as n — oo and p — 0 such that np = X > 0 is fixed:

t_ n )
lim (pe! +1—p)" = lim (1 + Mel)) — A1)

n—o0,p—01 np=X\ n—r00 n
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Poisson Distribution

Suppose we want to count a number of (successful) events in a fixed interval of time

Assume that the events occurr independently with a constant rate A\ per unit time

Let X be the number of events in the interval of length 1

® We write X ~ Poisson()) and the PMF is
A)Ze—A
fx(z) = e? 'e  forz=0,1,2,...
x!
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Poisson and Binomial

e MGF?
X — (V)7
Mx (t) = E[e""] ;0 e p

® Recall that MGF uniquely determines the distribution of a random variable

® So Poisson is the limit of the Binomial as

1. n— o0
2. p—0
3. np = Ais fixed
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Poisson Distribution

PMF Poisson(A) for different A

A=2 A=4 A=8
X 0.200 + 0.14 X
0.25 1 i
0175 0121
0.150 1
0.201 0.10 1
_ 0125 _
< ] < < 0.08 1
Il 0.15 I 0.100 I
x x x
= = £ 0.06
* 0.10 & 0.075 1 &
0.050 1 0.04 1
0.05 1
T 0.025 A T T 0.02 1 T I T
0.00 1 o000 . 0.000 Yecee . OAOO-"T | PPN
0 5 10 15 0 5 10 15 0 5 10 15
X X X
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Geometric

® |et X be the number of trials until the first success in a sequence of Bernoulli trials

® We write X ~ Geometric(p) and the PMF is

fx(x)=Q—=p)*ip forz=1,2...
e MGF?

Mx(t) =E[e™] =) (1 —p)"'p

rx=1
o0
= pe! (1 - p) !
r=1
pe’ for et(1—p) <1 <= t < —log(1 — p)
=———, fore'(l— —log(1 —
T ) p g(l—p
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Geometric Distribution

PMF Geom(p) for different p

p=0.1 p=0.5 p=0.9
0.101 ¢ 05+1¢
p 0.8
0.08 0.4
0.6
= 0.06 < 0.3 <
1l 1l 1l
x x x
& 0.041 202 T 04
- {[[IIITT N -
0.00 T 0.0 0.0 1 —T—.-O-H-H-.-H-.-.-.-H-.-.-Q
T T T T T T T T

Can you guess the expectation of a Geometric random variable?
Suppose p = 0.1, how many times on average do you need to flip a coin until you get a head?

E[X] = ;
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Negative Binomial

® |et X be the number of trials until the r-th success in a sequence of Bernoulli trials

e We write X ~ NegBin(r,p) and the PMF is

fx(z) = <f : i)pr(l —p) " forz=rr+1,...
o MGF?
V() = ) = e (77 )
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Uniform Random Variable

® A random variable X is uniformly distributed on the interval [a, 8] if its PDF is

A ifrela

b
0 otherwise

® The CDF is then

0 ifz<a
Fx(z) =42 ifzela,b]
1 ifx >0

® Expectation? E[X] = “TH’

® Variance? Var(X) = “’13)2
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Exponential Distribution

® |et X be the time until the first event in a Poisson process with rate A

We write X ~ Exp(\) and the PDF is
fx(x) =

[ ]
Xe ™ forx >0

The CDF is then
1l—e ™ ifz>0
Fx(x) = -
x(@) {0 otherwise

>\

Expectation? E[X] =

MGF? My (t) = 125, for t < A
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Memoryless Property

® The Exponential distribution is the only continuous RV with the memoryless property

® This means that for any s,¢ > 0, we have that

P(X >s+tX >s)=P(X >t)

® To see this, note that:

P(X tn X
P(X > s+1X > 5) = DX > 5% > 5)

P(X > s)
P(X >s+1)
P(X > s)
e—)\(s+t)

e—As
=P(X >1)
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Weibull Distribution

® The Weibull distribution is a generalization of the Exponential distribution,
X ~ Weibull(\, k), k> 0,A >0

The PDF is

MezF—le= 22" if o >0
€T =
Jx(@) {0 otherwise

The CDF is then .
1—e " ifz>0

0 otherwise
® Memory?
ef)\(s%»t)k
P(X >s+tX >s)= W
67 S

® You can verify it is increasing (decreasing) in s if k <1 (k > 1)
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Different Weibull's

CCDF Weibull(A = 1, k) for different k (log-scale)

k=0.5 k=1 k=2
10° 4 10° 4 10°
10—2 4
= = ~ 1074
= X 0o =
= =10 =
1 ] I 1074
- - -
1078 4
1072 4 10710 4
1071 = T T T T T T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
X X X
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Gaussian Distribution

® The Gaussian distribution is also known as the Normal distribution, X ~ N(u,0?)
® The PDF is ) ,
(z=p)
fx(x) = et
2ro
® The CDF is then

x 1 (= )2
FX(x):/ e 2 dt

—00 V21O

cr2t2
2

MGF? My (t) = eht+
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Log-Normal Distribution

The Log-Normal distribution is a distribution of a random variable whose logarithm is

normally distributed
Let X be a log-normal random variable, Y = log(X) is normally distributed

The PDF of X is
1 _ Uog(@)—w)?
e 222 forz >0

fx(z) =

To\/ 2w

Fy(x) /‘” 1 ,aog(t);m?dt
xlx) = —e 20
o tov2m

The CDF is then

MGF? Does not exist for any ¢!

Mean? E[X] = E[els(X)] = elito?/2

21/34



Log-Normal vs Normal

PDF of Log-Normal Distribution

0.6 1

0.5 1

0.4 1

(x)

“ 0.3 4

0.2 1

0.1 A

0.0 1

fyrly)

PDF of Standard Normal Distribution

0.40 -

0.35 1

0.30 1

0.25 1

0.20 1

0.15 4

0.10

0.05

0.00 -
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Motivating the Pareto

O US Data, Forbes 400 4
O US Data, Survey of Consumer Finances
= =Regression Line: 21.67 - 1.51 x log(wealth)

Log Counter--CDF: F( w > Wealth )

L L L !

M 10M 100M 1B 10B 100B
Wealth (Log scale)

Also for income, consumption, city size, firm size, etc.
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Deriving the Pareto

® \We have seen that

InP(X >z)~In(K) —aln(r) <= P(X >z)~ Kz~ ¢

e Differentiating we get the shape of the PDF:

fx(x) = —%]P’(X >gz)=aKz !

® For it to be integrable, cannot start at 0, so we add a lower bound x,,:

[ aKz™l = Ko, @
Tm

® So the PDF of a Pareto is

frlr) = ;‘f& ifz>x, >0
0 otherwise
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Functions of Random Variables

® |et X be arandom variable and g : R — R a "nice" function

Define Y = g(X)

What can we say about the distribution of Y7

Recall that the CDF uniquely determines the distribution of a random variable

Fy(y) =P(Y <y) =P(g(X) <y)

® But in general P(g(X) <y) #P(X < g7 1(y))

2

® For instance, g(z) = x* = need a more general approach
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Inverse Image

Let g : R — R be a function

The inverse image of a set B C R is defined as

9 '(B)={z eR:g(z) € B}

Example: Let g(x) = 22 and B = [0, 1], then g~ }(B) = [-1,1]
® More generally:

B(Y € B) = P(9(X) € B) = (X € g~'(B))
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Back to the CDF

) D seg1((—ooy)) fx (@) if X is discrete
N fxeg,l((_oo’y}) fx(z)dx if X is continuous
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Example: Number of Failures in n Trials

® We know that if X is the number of successes in n trials, then X ~ Binomial(n, p)
® By symmetry, we would expect that the number of failures Y ~ Binomial(n,1 — p)

® Let's prove this using the CDF:

B = Y fxl@)

{z:g9(z)<y}
n xX n—x
- > (Ora-»
{zn—z<y}
S n X n—x
= > <x>p (1-p)
T=n—y

= (o (0)=(,0)

28 /34



Example: Square of a Continuous RV
® Let X be a continuous random variable with CDF Fx (z)

o Let Y = X2

® \We want to find the CDF of Y

Fy(y) = / fx(@)de
zeg™1((—o0,y])

VY
= / fx(z)dzx
VY

= Fx(Vy) — Fx(=V/y), fory >0
® We can get the PDF of Y by differentiating Fy (y):
1
Foly) = {m (Vo) + fx (V)] fory >0
0 otherwise
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Monotone Transformations

® We said that in general P(g(X) < y) # P(X < g7 '(y))

1

® But when g : R — R is a strictly monotonic function, we have that g7 is well-defined

® |n particular:

g H(—o0,y]) ={z €R:g(x) <y} = {(_0079_1(3/)] if g is increasing

[g71(y),00) if g is decreasing
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Monotone Transformations

® Now we can write the CDF of Y = ¢g(X) as

Fy(y) =P(Y <y) =P(g(X) <)

JP(X < g ' (y)) if g is increasing
| P(X > g (y)) if gis decreasing
B Fx(97%(y)) if ¢ is increasing
1= Fx(g(y)") if gis decreasing

'Recall f(z7) = lim,_,o+ f(x — h)
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The Change of Variables Formula

¢ If X is continous, we have a general formula for the PDF of Y = ¢g(X):

fr(y) = {(%Fx(g—l(y)) if g is increasing

( )
_ {fx(gl(y))ddygl(y) if g is increasing
*fX(g_l(y))d%g_l(y) if ¢ is decreasing

) '

® So if g is strictly monotonic and X is continuous, we can know the PDF immediately
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Location-Scale Transformations

¢ A location-scale transformation is a transformation of the form Y =y + 0 X

® \We can write the CDF of Y as

® The PDF of Y is then

® This should look familiar!
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Example: Log-Normal Distribution

® Let X ~ N(p,0?%)
o letY =¢X

® We know that Y is log-normally distributed, this is how we can prove it:

1
Fo(9) = Fx(l0g()) y]
1 _Goew-m? 1
= (& 202 —
\V2mo Yy
1 _ (og(y)—m)?
202

= e
yv2mo

34/34



	Models for Discrete Random Variables
	Models for Continuous Random Variables
	Functions of Random Variables

